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INTRODUCTION

Of all the subjects studied, debated and fought over in the course of human history, I happen to believe that the most fascinating is mathematics. That’s a bold claim – perhaps mystifying to readers who were bored or baffled by the subject at school. Well, of course fascination is in the eye of the beholder, and certainly there will be those who need some persuading. I hope this book will go some way towards doing that.

What is irrefutable, however, is that in modern life mathematics is both important and ever-present. Even the most entrenched maths-hater has an awareness that it plays a central role in today’s world, touching our lives in more ways than ever before. But that is where the details are liable to become hazy … yes, important, but where exactly is it used, and in what ways?

In response, I present in the pages that follow a selection of 35 diverse applications of mathematics. I attempt to unravel some of the principles that underlie aspects of our daily lives, as well as those that inform today’s boldest thinkers. We will touch on numerous branches of science, seeing how chaos theory can illuminate our understanding of population growth and why the universe’s black holes are – contrary to all expectations – rich in information.

Money – that universal experience of numbers – is explored in the context of options and futures, along with the gambler’s intimate (if rocky) relationship with probability. The computing revolution, of course, suffuses the discussion, as does its offspring the Information Age. Most people have a sense that mathematics is deeply involved in these developments – the air is thick with talk of binary code and that now popular word, the ‘algorithm’. From delving into the innards of search engines, to investigating the structures of social networks and illuminating the ideas behind programming languages and CGI imagery, the aim is to bring this mathematics out of the shadows.

I want to show how mathematics can be used to solve some profoundly pragmatic problems, helping businesses to run efficiently, highlighting flaws in our democracies, providing valuable ammunition in the fight against disease, and analysing the highs and lows of our economic systems. It can even shine a light on the foibles of human psychology, demonstrating where we are prone to make decisions against our best interests. We will discover ways to tell fact from fiction too, by way of those much-used and much-abused numbers: statistics.

All this extremely useful mathematics does much to free the modern mathematician from the ivory tower he, or she, is meant to inhabit. This is not to say that today’s mathematicians have lost their imagination or no longer reach for the stars. Indeed, in 1969 Apollo 11’s touchdown on the moon was made possible by the analysis of one particularly fiendish mathematical problem. In fact, the stars and planets have provided us with numerous mathematical insights over the centuries, which can now be turned upon the still bigger questions – about the nature of matter and the universe.

I hope that, by the end of this book, readers will have a more precise sense of where mathematics fits into modern life – and, en route, that some doubters become devotees of the subject that I find so endlessly, gloriously, fascinating.


KNOWING ME, KNOWING YOU

The mathematical hierarchies of knowledge

Imagine a scene. Sarah and Sam used to be a couple. Today they are meeting again, for the first time since their relationship broke down. Since then, Sarah has found a new boyfriend, but has decided not to tell Sam. Unbeknownst to her, however, Sam already does know, because a mutual friend, Saul, spotted the two together and told Sam.

It sounds as though we have left mathematics for the world of romantic comedy or soap-opera. In fact, the dramas of human relationships provide examples where mathematicians’ concepts of different ‘orders’ of knowledge come into play. These ideas are central to the mathematical genre of game theory and in philosophy. Their practical implications continue to be debated, especially in economics. In a competitive market, possessing the same (or superior) knowledge to one’s rivals can make all the difference.

But let’s return to the drama. In the language of orders of knowledge, the existence of Sarah’s new partner is first-order knowledge: both parties know about it. However, there is an imbalance at a higher level; because Sarah is unaware that Sam knows about her new amour, Sam has got the upper hand – he has a piece of second-order knowledge that Sarah does not. To put it another way, he knows that she knows, but she doesn’t know that he knows.

We can now ratchet up the drama and imagine a more complex version of the scene. Sarah has in fact found out that Sam knows about her new boyfriend, because Saul later admits to telling him. Sam is now unaware that Sarah knows he knows (and that Saul broke his promise not to tell Sarah). It may be that Sam tries to entrap her with probing questions, to see if she lies or admits the truth under pressure. But in this version – unlike our original scenario – she is unlikely to lie, knowing as she does that that she would get caught. (In the original she might have done.) Now Sam is at a disadvantage, because Sarah has a piece of third-order knowledge that he does not possess.

Could these orders of knowledge increase, ad infinitum? In principle yes, but even in the most convoluted spy story in which double agents double cross other double agents, it is rare to find orders of knowledge beyond four. Higher orders of knowledge become increasingly hard to imagine, but in theory knowledge can exist at any order.

Among a group of people, if each of them has knowledge of the same thing − call that x – then x is first-order knowledge. What is more, if the group members know that they all share this first-order knowledge, then they are party to an additional level of knowledge, making x second-order knowledge. In general, when the whole group knows that x is nth-order knowledge, then it becomes (n + 1)th-order knowledge. For higher orders of knowledge to come into play, more people need to be involved.

Messy diners and the Emperor’s clothes

A number of classic puzzles illustrate orders of knowledge, of which the tale of the messy diners is one. Imagine a grand banquet is taking place in a palace, but when the staff laid the table they forgot to put out the napkins, which are all still in the laundry. So, after the meal, an embarrassing situation arises in which some of the diners are left with food on their faces. No diner can see his or her own face, which presents them with a dilemma. According to the local etiquette, it would be unthinkably impolite for one diner to tell another that they have a dirty face. On the other hand wiping one’s face on the tablecloth would also be poor manners. It could be worth the risk if the diner could be certain that they had a dirty face, but not otherwise.

After dinner, the butler realizes the situation and finds an imaginative solution. ‘Ladies and gentlemen,’ he announces ‘I am sorry to have to inform you that at least one person around this table has a dirty face. I shall now ring the gong repeatedly. After each ring, any guest who is certain they have a dirty face should wipe it.’ By way of this announcement, the butler has elevated a piece of information into the realms of common knowledge. Not only does each member of the group hear it, but each knows that everyone else has heard it too.

The finale to the messy meal depends on the number of people who have food on their faces. If there is just one, since she cannot see anyone else with a dirty face, she must logically immediately deduce from the butler’s announcement that the single dirty face is her own. If there are two messy faces around the table, each would see the other’s dirty face and be unable to make a deduction about themselves. At the level of first-order knowledge, the butler does not tell them anything they did not already know. However, each of the two messy diners would also make the critical observation that the other does not wipe their face after the first gong-beat. From this extra piece of data, each would logically deduce the existence of a second messy eater, who – since they can see everyone else’s clean faces – can only be themselves. They will each clean up after the second gong. In fact, there is a rule: if there are n messy eaters, they will all wipe their faces after the nth beat of the gong.

The effect of the butler’s announcement has a better-known parallel from children’s literature, in the Hans Christian Andersen story The Emperor’s New Clothes, in which a vain emperor is promised a beautiful set of clothes by two swindlers posing as tailors. They assert that the fabric they use is invisible to anyone stupid or incompetent at their jobs. Not wanting to be thought a fool, the Emperor admires his new ‘clothes’, while his advisers also coo over their beauty. And as the Emperor parades through the town, supposedly newly attired, he is greeted with reverent admiration. It is only when one child shouts out the obvious – that that the Emperor is naked – that uproar begins.

Andersen’s clever story works on many levels. It is a parable about the human propensity to avoid pricking a bubble, however fantastical, in the face of peer pressure and authority. It also depends on the fact that, while every character can see that the Emperor has nothing on, no individual can be completely certain that others are seeing the same thing. The child’s announcement elevates that reality to common knowledge – in our terms, knowledge of every order, just as the butler’s announcement at the dinner party did – shattering the mass delusion.

The naked emperor also serves as a satire of the absurdities of social convention. It was during his analyses in the late 1960s of how social conventions emerge that the philosopher David Lewis became one of the first to investigate the idea of common knowledge. He suggested that conventions arise as solutions to group-coordination problems. A simple example might be deciding on which side of the road to drive. There is no particular reason to favour either the left or the right, but there certainly is a good reason to want everyone to adopt the same custom on a country’s roads. Although the choice behind the convention may be essentially arbitrary, once established it will self-perpetuate. With everyone else driving on the left, no individual will have any incentive to drive on the right.

For a convention to take root requires that it become common knowledge among the population. Subtler examples include language and money. It is very convenient to have tokens that can be exchanged for a variety of goods, but the system will only work if everyone believes that the tokens they earn can be spent on whatever they wish to buy. Every individual citizen requires every other individual citizen to consider the tokens as valid currency.

Is there life on Mars?

One of the first people to analyse the phenomenon from a more mathematical perspective was Robert Aumann, in 1976. His Agreement Theorem unveiled something astonishing: that two ‘rational agents’ – the conventional description of idealized people assumed to think perfectly logically – cannot agree to disagree about the likelihood of a particular speculative event, X, such as, say, the existence of life on Mars or the election of a female US president in the next 25 years. (For more on probability, see The rise of homo economicus.)

This sounds like – and indeed is – an extraordinary assertion, since human beings routinely disagree on all manner of topics. Yet there are technical details concealed within it. To start with, it is assumed that the two agents (let’s call them Agatha and Bernard) have a ‘common prior’. This means that, at some point in the past, the two made the same estimate for the probability of X. Suppose that the two meet for dinner one day at age 18, and each agree that there is a 10 per cent chance of there being life on Mars.

Then they go their separate ways, and the different experiences they have will cause them to adjust their estimates. Perhaps Agatha spends the next ten years immersed in the study of astronomy and biology, and the knowledge she acquires causes her to drop her estimate to 5 per cent. Bernard meanwhile spends the decade absorbing sensationalist newspaper accounts of alien abduction; although he treats each individual story with rational scepticism, the net result is that he increases his estimate to 35 per cent.

Ten years later the two meet again and tell each other their new estimates. Now, it is not necessary that they explain to each other how they have arrived at these conclusions. The mere fact of sharing their values will have remarkable repercussions. But it is crucial that these estimates are elevated to common knowledge between them: Agatha knows that Bernard’s estimate is 35 per cent; he knows that she knows this, and she knows he knows, and so on.

With this done, the two agents will each take the other’s value as a new piece of data, and each update their own estimate accordingly. They then share these new values. This process will repeat and continue as long as necessary. The extraordinary conclusion, as Robert Aumann proved, is that the two agents must eventually converge upon a single value.

Aumann’s theorem embraces the notion of common knowledge. It also requires that Agatha and Bernard are perfectly rational agents who make honest and necessary updates to their predictions when the facts demand it. They do this through a particular process for taking evidence into account to arrive at probability estimates, an influential idea that goes by the name of Bayesian updating.

Taking Agatha and Bernard’s originally agreed prior probability of life on Mars as 10 per cent, the probability (P) of this fact (X) being true can be expressed as P(X) = 0.1. Then one party is faced with some new data, D (perhaps the discovery of water on the Red Planet). Confronted with this, a rational agent needs to update its estimate to a new value expressed as P(X | D), which is read as ‘the probability of X given D’.

Now, the agent also had a prior probability for the likelihood of D itself, written P(D), as well as a combined estimate for both X & D, written P(X & D). The agent’s new estimate for X will be its prior estimate for X & D as a proportion of its initial estimate for D. As a formula this is

[image: ]

It might be that the agent judged the likelihood of water on Mars as around 20 per cent (meaning P(D) = 0.2) and the combined likelihood of water and life at 9 per cent (meaning P(X & D) = 0.09). In this case, the discovery of water will prompt the agent to update the estimate from P(X) = 0.1 to

[image: ]

In other words, 45 per cent.

The illogicality of trade

Do humans actually work in this rigorously logical way? This is a question philosophers and psychologists have vigorously debated. Contra Aumann, human beings exhibit a seemingly boundless capacity for disagreement, even when in full and shared possession of all the available information. And Aumann’s Agreement Theorem has thrown up some strange consequences, not least a model of economic behaviour that, pursued logically, shatters the rationale for trade relations.

In modern finance, where people trade commodities speculatively rather than just buying what they need (see Tulip bubbles and hedge funds), a trade requires that both buyer and seller expect to profit from the deal. But if the buyer gets a good deal and makes money on the trade – that is, he gets the commodity for less than it is worth – it must also be true that the seller would have been better off not selling. In the context of an efficient market, applying Aumann’s Agreement Theorem means that the two parties will eventually come to agree on whether or not selling is sensible, with the consequence that no deal will be done.

Although the details are subtle, the intuition behind such ‘no-trade theorems’ is that it is not sensible to trade with someone who has good reason to think they will profit from trading with you. Needless to say, this is some distance from how markets actually function – indeed, some might say it is entirely the reverse of a properly functioning market – suggesting that financial traders may not be the perfectly rational agents of classical economic theory.

This conclusion may not be surprising, but it is certainly a worthwhile cautionary tale. An appreciation of orders of knowledge, common knowledge and how probability should be updated in the light of new information can shed light on rational behaviour. But, as with the Emperor’s new clothes, human beings are adept at putting their rationality to one side at the most inappropriate moments.


AN AVERAGE CHAPTER

Mathematical definitions of the typical

Colloquially, we may invoke the term ‘average’ in a loose sense, and we all know what we mean at a certain level. We’re referring to something approaching a norm, perhaps implying something applicable to a majority of people as opposed to a minority, or we might be referring to an idea of everyday, middling circumstances or expectations. We might even intend it in a faintly derogatory way, as in the ‘merely average’. If an athlete is described as performing averagely, while that would be no disgrace it is probably not time to break out the champagne.

But how far do these popular notions get us? What happens when we need to put a numerical value on the ‘average’? In many arenas of modern life, we may need to extract the typical value from a mountain of data. Major decisions may hinge on the value we pick (see The rise of homo economicus). This is particularly important in statistics and economics, where analysts search for simple ways to describe complicated scenarios. Very often, controversial funding priorities – from the vast expenditure of modern welfare states down to the hiring and firing of individual workers – are based on research and trends revolving around a definition of the ‘average’. It’s all around us – how often, in political and economic discourse, do we hear arguments back and forth about ‘average earnings’, ‘average life expectancy’, ‘average reoffending rate’, ‘average achievement’ in schools, and so forth.

Clearly, mathematics is fundamental here, and mathematical methods for defining the typical date back to Pythagoras and his followers in Ancient Greece. Since then a number of different ways of arriving at an ‘average’ have been found. Indeed, one could almost say that the umbrella designation ‘average’ is too vague, and instead we should be talking about midranges, medians, modes and the arithmetical and geometric mean.

Between extremes: the midrange

The quickest and easiest form of average to calculate is the midrange. The shortest adult human ever recorded is Chandra Bahadur Dangi at 54.6 centimetres (under 2 feet), while the tallest is Robert Wadlow at 272 centimetres (just under 9 feet). These two figures are all that is needed to calculate the midrange of modern humans’ heights: it is simply the point midway between the two, easily calculated by adding them together and dividing by 2, producing 163.3 centimetres (a little under 5.5 feet).

The midrange is, evidently, a rough and ready measurement, and its advantages and disadvantages can be seen in this example. On the one hand, it is quick and easy to calculate. On the other, it depends entirely on the most extreme – and therefore atypical – cases.

In 1890, what seemed to be giant human arm and leg bones were unearthed in a bronze-age burial-site in Castelnau in France. They appear to come from a human around 350 centimetres (almost 11.5 feet) tall. If verified, the ‘Giant of Castelnau’ would certainly be a remarkable discovery – and it demonstrates the flaws of the midrange principle, since it would skew ‘average’ human height by increasing it to 202.3 centimetres (over 6.5 feet).

Despite its limitations, the midrange was the commonest form of average for many years. For instance, the astronomer and polymath Ptolemy wanted to know the sun’s angle in the sky at noon on an average day. To come up with a value, he found its maximum angle (on the shortest day of the year) and its minimum (on the longest day). The midrange of these came out at around 23.5°, which quantifies the tilt of the Earth’s axis.

Bang in the middle: the median

Another type of average, the median, resists being skewed by outliers, but its principle is equally simple to grasp. It became increasingly used in science from the later 19th century. All the data points under consideration are placed in order, and the one that sits in the middle is the median. So, if five dogs have ages of 1, 2, 4, 8 and 13 years, then the median is 4. This means that exactly 50 per cent of the other dogs are younger, and 50 per cent are older.

Although this seems a commonsensical approach to take, it is only comparatively recently that the median has been treated seriously within scientific circles. The psychologist Gustav Fechner was one of the earliest to use it, in the mid-19th century, in his analysis of how people interpret light of different wavelengths as colours. Fechner found one particular property of the median very useful: that it minimizes the distance to each data-point. To demonstrate this, we can return to the five dogs, with a median age of 4. If we now calculate the difference between each dog’s age and the median, we get the following five distances: 3, 2, 0, 4, 9. Adding these up gives a total of 18.

Now, we could have performed the same procedure choosing any other number in place of the median. If we pick the number 5, for example, we get the following set of numbers: 4, 3, 1, 3, 8, which add up to 19. It is no coincidence that this total is now larger than the one we got from median. Mathematical considerations guarantee that it always will be.

The most frequent: the mode

The mode is another straightforward interpretation of ‘average’. In this case, it just means the commonest or most popular result. In a class of children, if seven of them are 8 years old, fifteen are 9, and two are 10, then the modal age is 9. The mode only works well in situations where the number of possible responses is limited. For example, the mode serves to define the outcome of political elections where each voter selects from among a small number of candidates (see Ballot box paradox). Unlike other notions of average, the mode also works in non-numerical settings.

The statistician Allen Wallis noticed an example of the mode in the writings of the fifth-century BC historian Thucydides, as he described the Peloponnesian War between Athens and Sparta. Allies of the Athenians were under siege in Plataea and wanted to know the height of the surrounding fortifications built by the Spartans besieging them, so that they could build ladders of the correct length and escape. So they counted the layers of bricks in the fortifications. Recognizing that an individual making a single count would be liable to make a mistake, the commander instructed many people to count simultaneously. They then compared notes, and picked the commonest (or modal) answer as the correct one.

The Plataean commander’s idea is an example of what is now known as the ‘the wisdom of crowds’, and it has borne fruit in far less life-threatening situations too. For example, in guessing the number of sweets in a large jar, any individual estimate is likely to be wrong, but experiments have suggested that asking a large group of people each to guess, and then calculating the average value (not necessarily the mode – perhaps the median or the arithmetic mean) may produce a reasonably accurate value, as overestimates and underestimates cancel each other out.

The modern ‘average’: the arithmetic mean

The most well-known average in the modern era is the mean, or more precisely the arithmetic mean. (For ‘regression to the mean’, see Smoke and mirrors.) Its principle is again straightforward, and involves adding followed by division. If we want to know the mean weight of six differently sized eggs, we add together the individual weights – say 50g, 52g, 58g, 61g, 63g and 70g – and divide by the number of eggs, in this case six, which will generate a mean weight of 59g. What we are asking for, algebraically, is a single weight a, so that a + a + a + a + a + a = 354g.

Nowadays, when people talk about the ‘average’ more likely than not they are thinking of the mean. This dominance dates back to the early 17th century. Its first uses, as with the mode before it, were for minimizing error, this time in navigation at sea. In order to judge the current direction of travel, a ship’s navigator would use a magnetic compass for finding north. But these early devices were prone to error, particularly in stormy seas. So the standard practice became to take multiple readings, and then use their mean as the correct value (perhaps after throwing out any readings that deviated wildly from the rest).

To our eyes it seems strange that the mean took so long to come to prominence, since it had been intensively studied by Pythagorean mathematicians 2,000 years earlier. However, the Pythagoreans had not been interested in it as a statistical tool, but for its purely mathematical properties, as well as its applications to musical theory. The most famous result demonstrated by the Pythagoreans was the relationship between the arithmetic mean and yet another important notion of average: the geometric mean.

Averagely interesting: the geometric mean

An excursion into interest rates helps us grasp the relationship of the arithmetic and geometric means. Suppose we put some money in an investment and it does very well. In the first year its value rises by 50 per cent, in the second by 10 per cent and in the third by 15 per cent. Over the three years, how do we determine the average rise in value? Neither the midrange, mode nor median definitions of ‘average’ is appropriate here, so we might try the arithmetic mean, adding the per centages (50 + 10 + 15) and dividing by the number of years (3), giving a result of 25 per cent.

This may seem straightforward, yet on closer examination the answer doesn’t look quite right. Imagine that the initial amount of money invested was £100. After the first year it would increased to £150. In the second year it would increase by 10 per cent of £150 – £15 – thus yielding a pot of £165. In the third year, it would grow by 15 per cent of £165, which is 0.15 × 165 = £24.75, giving a final three-year value of £189.75.

Now, if our calculation of the average rise in value according to the arithmetic mean were correct, we should expect to arrive at the same final value. A 25 per cent rise in the original £100 in the first year takes it to £125; in the second year, 25 of that (£31.25) brings the total to £156.25, and in the third year another 25 per cent increase takes the final total to £195.31. There is a discrepancy.

Our investment example differs from our box of eggs in one critical respect. With our eggs it made sense to add up all the individual weights. But adding up the percentages of money really carries little information, since percentages are fundamentally about multiplication, not addition. To increase a sum of money by 15 per cent is to say the same thing as multiplying the amount it by 1.15. So, to calculate the amount after three years, we need to multiply £100 by the three numbers in turn: £100 × 1.5 × 1.1 × 1.15 = £189.75. In this context, expressed algebraically, the right notion of average will be a number a so that £100 × a × a × a = £189.75. What this really means is that we need a × a × a = 1.8975.

Since there are (in our example) three years of increases in value this can be found by taking a to be the cube root of 1.8975, written as [image: image].

This produces a figure around 1.23802. Now this has the right property: an initial investment of £100 which increases by this amount (23.802 per cent) each year for three years does indeed produce the correct total: £189.75.

To generalize from our example, then, the arithmetic mean of n numbers is found by adding them all up, and then dividing by n. For the geometric mean, we instead multiply the n numbers together and then take the nth root. This final step is represented by the symbol [image: ].

In turn, this may be rearranged to read as x = yn, which, expressed more fully, is:

[image: ]

So, for example, [image: ], because 24 = 2 × 2 × 2 × 2 = 16, while [image: ].





Contending means – arithmetic versus geometric

The mathematicians of the Pythagorean sect discovered a fundamental relationship between the arithmetic and geometric means: whatever the numbers, the arithmetic mean always comes out bigger than, or equal to, the geometric mean.

This relationship is easiest to grasp when there are just two numbers involved, a and b. The arithmetic mean is arrived at by the formula (a + b) ÷ 2, and the geometric mean is defined as [image: ].

Any number, positive or negative, when multiplied by itself produces a positive answer, while the value of [image: ] may be positive (if a is bigger than b) or negative (if it is smaller). But either way, it will be true that

[image: ]

(the ‘≥’ meaning ‘greater than or equal to’). A little algebraic manipulation turns this into

[image: ]

Rearranging this further produces

[image: ]

With a final tidy-up, it shows that the arithmetic mean cannot take a value less than the geometric mean, no matter what the values of a and b:

[image: ]

What is more, the ‘equal to’ aspect holds only when the two numbers are themselves equal: a = b.






Different questions, different answers

For economists whose job it is to gauge the rate of inflation or average price rises, the Pythagorean theorem on the difference between the two means can have substantial effects (see box opposite). The primary statistical tools here are price indices, which involve monitoring a typical ‘basket of goods’ each year, and analysing how its average price rises or falls. In the UK, there are two major versions of this, known as the Retail Price Index (RPI), and the Consumer Price Index (CPI). They differ in various technical ways; for instance the RPI includes the cost of housing, while the CPI does not. But the most significant mathematical difference between the two is that the RPI is built on the arithmetic mean, while CPI is geometric. Hence, any comparison between the two will run into the bald mathematical fact that the arithmetic mean of a set of numbers always exceeds the geometric mean. Any sort of expenditure or investment linked to one or other of the price indices will reflect the geometric/arithmetic difference.

Most of us would prefer our pension payouts to be tied to the RPI; but if we owned a company, we would doubtless prefer to limit our wage bill by deciding employees’ salary rises according to the CPI. Governments and organizations, if they switch from one to the other to arrive at a particular statistic, risk close and questioning scrutiny as to their motives (assuming anyone notices).

This all goes to show that, with averages, as with so much of science (and indeed life in general), it is not simply a matter of finding the right answers, but of asking the right questions. The truth is that there is no single ‘average’ of a set of data. So, before picking the best average to use, we need to consider what we want from this number, what is relevant to the current scenario, and what is not. We have to consider how we will use it, and how others will interpret it. In general, mathematics can tell us a great deal about the world, but one must not apply formulas blindly, without giving due consideration to the context in which they are being used.
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