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INTRODUCTION/PREFACE

Higher Mathematics has been specifically written to meet the requirements of the SQA Higher Mathematics Course and provides full coverage of the syllabus as set out in the SQA Higher Mathematics Course Specification.

In preparing the text, full account has been made of the requirements for students to be able to use and apply mathematics in written examinations and to solve problems with and without a calculator.

Each chapter contains the following features:


•  What I am learning – from the SQA course specification, detailing the skills covered in each chapter

•  What I should already know/be able to do – background skills and knowledge required for this topic

•  A ‘Quick check’ feature to give the student confidence in their background knowledge.



The main part of each chapter consists of fully worked examples with explanatory notes and commentary, carefully graded questions, a summary of key points and a ‘Checkout’ exercise at the end, to enable the student to show that the topic has been consolidated. These Checkouts could also provide opportunities, throughout the course, to consolidate topics met during the chapter and to monitor progress.

Some chapters include areas for investigation. These give the student the opportunity to improve and practise their skills in using and applying mathematics. Indeed, they also help a student to meet the four capacities of Curriculum for Excellence (CfE); in particular, successful learner, effective contributor and perhaps a more confident individual!

Most exercises in each chapter will feature our unique HPQ and ACE icons:

[image: ]  [image: ]

What are these?



	HPQ
	Hinge-Point Questions
	Allow the student to determine whether to continue with next part of the exercise or spend some more time consolidating skills covered in the first part of the exercise.



	ACE
	Application, Communication, Enquiry
	A chance for the student to show application of problem-solving skills; communicating a solution with justification; using enquiry skills to solve a problem.




The overall aim of this textbook is to enable the student to develop a range of mathematical operational and reasoning skills that can be used to solve mathematical and real-life problems.

It is hoped the structure of this book allows for approaches to learning and teaching which are engaging, and which provide opportunities for personalisation and choice.

A final word of advice for all students from Lewis Carroll (a mathematician as well as noted writer):

‘Then you should say what you mean,’ the March Hare went on.

‘I do,’ Alice hastily replied; ‘at least I mean what I say, that’s the same thing, you know.’

‘Not the same thing a bit!’ said the Hatter. ‘Why, you might just as well say that “I see what I eat” is the same thing as “I eat what I see!”’

Lewis Carroll, Alice in Wonderland

So make sure you say what you mean, you write down what you mean to write down, and that you check that any conclusions you draw or justifications you state make sense!

Wishing you every success in your Higher Mathematics studies,

Robert Barclay, Brian J. Logan and Mike Smith


CHAPTER 1 The Straight Line

You should already be familiar with finding the gradient and equation of straight lines.

In this chapter, your knowledge of the straight line will be extended and applied to cover work on lines associated with triangles such as the median and the altitude, and the perpendicular bisector of a line.


[image: ]

What I am learning


•  The distance formula

•  How to find the midpoint of a straight line

•  The relationship between gradient and the tangent of an angle

•  How to determine whether a given set of points is collinear

•  The relationship between the gradients of perpendicular lines

•  How to work with equations of altitudes, medians and perpendicular bisectors

•  How to determine whether a given set of lines is concurrent

•  The meaning of the orthocentre, the centroid and the circumcentre in a triangle

•  How to solve problems like this:

AB is a line perpendicular to the line with equation [image: ]

Find the equation of AB if A has coordinates [image: ]



[image: ]
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What I should already know/be able to do


•  Use the formula [image: ][image: ] to find the gradient of a straight line

•  Parallel lines have equal gradients

•  The gradient of a line that slopes up from left to right is positive and the gradient of a line that slopes down from left to right is negative

•  The gradient of a horizontal line is zero and the line has an equation of the form the form [image: ]

•  The gradient of a vertical line is undefined and the line has an equation of the form [image: ]

•  Use the formula [image: ] to find the equation of a straight line

•  Use the formula [image: ] to find the equation of a straight line

•  Identify the gradient and the y-intercept of a straight line from the equation [image: ]

•  Express the equation of a straight line in the form [image: ]

•  Identify the gradient and the y-intercept of the straight line [image: ]

•  Use Pythagoras’ Theorem to find the distance between two points

•  Use the converse of Pythagoras’ Theorem

•  Find the point of intersection of two straight lines by using simultaneous equations



[image: ]



Quick check!


1  What is the gradient of the line joining C [image: ] and D [image: ]

2  Find the equation of the straight line joining the points K [image: ] and L [image: ]

3  What is the equation of the line joining C [image: ] and D [image: ]

4  Find the gradient of a line parallel to the line with equation [image: ]

5  What is the gradient and y-intercept of the line with equation [image: ]

6  What is the length of the line segment joining A [image: ] and B [image: ]

7  A triangle has sides of length 24 centimetres, 15 centimetres and 20 centimetres. Is the triangle right-angled?

8  Find the point of intersection of the lines [image: ] and [image: ]




[image: ]

Quick check! – Solutions


1  [image: ]

2  [image: ]

3  [image: ]

4  [image: ]

5  [image: ]

6  [image: ]

7  [image: ]

8  (4, −6)



[image: ]



The distance formula

You already know how to find the distance between two points given their coordinates. This can be done by plotting the points, forming a right-angled triangle (if possible) and applying the Theorem of Pythagoras. You can use these ideas to find a more general formula for the distance, [image: ] between two points A [image: ] and B [image: ]


[image: ]


The distance from A [image: ] to B [image: ] can be given by the formula

[image: ]

This formula is known as the distance formula.


[image: ]

Example

Find the distance between the points [image: ] and [image: ]

SOLUTION

[image: ]

dd[image: ]

dd[image: ]

dd[image: ]

dd[image: ]

dd[image: ]

[image: ]
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Exercise 1.1


1  Calculate the distance between the following pairs of points. Where appropriate, leave your answer as a surd in simplest form. [image: ]




    a)  [image: ] and [image: ]

    b)  [image: ] and [image: ]

    c)  [image: ] and [image: ]

    d)  [image: ] and [image: ]

    e)  [image: ] and [image: ]

    f)  [image: ] and [image: ]

    g)  [image: ] and [image: ]

    h)  [image: ] and [image: ]

    i)  [image: ] and [image: ]




2  Show that the triangle with coordinates A (-6, 7), B (6, 3) and C (1, 8) is isosceles.

3  Show that the triangle with coordinates D (-1, 4), E (2, 5) and F (1, 2) is isosceles.

4  Use the distance formula and the converse of the Theorem of Pythagoras to show that the triangle with vertices P (5, 1), Q (11, 7) and R (8, 10) is right-angled.

5  Repeat Question 4 for a triangle with vertices K (1, -2), L (-1, 1) and M (7, 2).

6  Find the values of [image: ] if M is the point (4, -3), N is the point (6, k) and the distance between M and N is [image: ] [image: ]



[image: ]



The midpoint of a line

You can find the coordinates of the midpoint of the line joining the points A [image: ] and B [image: ] by finding the mean of the x-coordinates and the mean of the y-coordinates. If M is the midpoint of the line AB, the coordinates of M are given by

[image: ]


[image: ]

Example

Find the coordinates of the midpoint, M, of the line AB where A is [image: ] and B is [image: ]

SOLUTION

M is [image: ]

[image: ]




[image: ]

Exercise 1.2


1  Write down the coordinates of the midpoint of the line joining:




    a)  (2, 1) and (10, 7)

    b)  (-3, 2) and (5, -4)

    c)  (0, -8) and (6, 0)

    d)  (-3, 2) and (1, -4)

    e)  (-2, 6) and (-2, -4)

    f)  (2, -1) and (-3, 2)

    g)  (6, -8) and (0, 0)

    h)  (-7 -1) and (-9 -3) [image: ]

    i)  (8, -6) and (6, -2)




2  M (10, -3) is the midpoint of line AB. If A is the point (6, -5), find the coordinates of B.

3  M (4, -2) is the midpoint of line PQ. If P is the point (-1, 1), find the coordinates of Q.

4  PQRS is a quadrilateral with vertices P (6, -3) Q (10, 7) R (4, 15) and S (0, 5).




    a)  Find the coordinates of the midpoint of PR.

    b)  Find the coordinates of the midpoint of QS.

    c)  What can you say about the diagonals of PQRS?




5  In triangle ABC, A is (-4, 5) B (2, 9) and C (-8, 3)




    a)  Find the coordinates of M, the midpoint of BC.

    b)  Find the equation of the line BM.



[image: ]



Gradient: m = tan θ

When you first studied gradient, you used the formula [image: ] [image: ]


[image: ]


By looking at the triangle, you can see that the vertical side is opposite to the angle [image: ] (theta) and the horizontal side is adjacent to the angle [image: ] So

[image: ]

The formula [image: ] tells us that the gradient of a straight line is the tangent of the angle that the line makes with the positive direction of the x-axis.


•  A line making an angle of [image: ] with the positive x-axis has gradient 1 as [image: ].

•  A line with gradient 2 makes an angle of [image: ] with the positive x-axis.

•  A line with zero gradient is parallel to the x-axis.

•  A line with an undefined gradient is perpendicular to the positive x-axis.

•  A line with a negative gradient makes an obtuse angle with the positive x-axis. For example, a line with gradient [image: ] makes an angle of [image: ] with the positive x-axis.




[image: ]

Example

What angle does the line joining points A (-3, 5) and B (2, -1) make with the positive direction of the x-axis?

SOLUTION

[image: ][image: ][image: ][image: ][image: ][image: ] [image: ] [image: ] (correct to one decimal place)

Hence the line makes an angle of [image: ] with the positive direction of the x-axis.

[image: ]




[image: ]

Exercise 1.3

(Unless otherwise stated give angles correct to one decimal place and gradients correct to two decimal places.)


  1  Find the size of the angle between the positive x-axis and a line with gradient:




      a)  [image: ]

      b)  [image: ]

      c)  [image: ]

      d)  [image: ]

      e)  [image: ]

      f)  [image: ]




  2  Find the gradient of a line inclined to the positive x-axis at an angle of:




      a)  [image: ]

      b)  [image: ]

      c)  [image: ]

      d)  [image: ]

      e)  [image: ]

      f)  [image: ]




  3  a)  Calculate the gradient of the line joining points A (5, 3) and B (8, 4). [image: ]

      b)  What angle does this line make with the positive x-axis?

  4  a)  Calculate the gradient of the line joining points A (-3, 3) and B (4, -2).

      b)  What angle does this line make with the positive x-axis?




  5  What angle does the line joining points P (2, 1) and Q (3, 7) make with the positive direction of the x-axis?

  6  What angle does the line joining points R (-3, -3) and B (-7, -7) make with the positive direction of the x-axis?

  7  What angle does the line joining points T (-1, 4) and U (3, 8) make with the positive direction of the x-axis?

  8  Calculate the gradient, correct to two decimal places, of:




      a)  AB

      b)  AC

      c)  BC




[image: ]



  9  The acute angle between two intersecting lines is 50°. One of the lines has gradient 3. Make a sketch and find the possible gradients of other line. Give your answers correct to one decimal place.

10  Line [image: ] has gradient 4; line [image: ] has gradient [image: ]




      a)  Calculate the size of the angles marked a and b.

      b)  Calculate the angle between lines [image: ] and [image: ]




[image: ]



11  a)  Repeat question 10 for lines with gradients 3 and [image: ].

      b)  Comment on your findings.



[image: ]



Collinear points

When you first started to plot straight lines, you were probably told that you should always plot at least three points, because two points can always be joined by a straight line but you would not know if you had made a mistake! So the third point acts as a check.

You can use this idea to determine if three points lie in a straight line. Points which lie in a straight line are said to be collinear.

The property of lying on the same straight line is known as collinearity.


[image: ]

Example

Show that points A (-6, -2), B (-1, 1) and C (9, 7) are collinear.

SOLUTION

There are three possible line segments to consider, AB, BC and AC. You should find the gradients of any two of them.

[image: ]

Because [image: ], AB and BC are parallel.

Since point B is common to both lines, points A, B and C are collinear.

[image: ]




[image: ]

Note

To prove collinearity:


•  Show that the gradients of two line segments are equal, which means the lines are parallel.

•  State that there is a common point.

Later, when you study vectors, you will find another way of proving collinearity.



[image: ]




[image: ]

Exercise 1.4


1  Show that points A (1, 3), B (3, 11) and C (5, 19) are collinear. [image: ]

2  Show that points D (2, -5), E (4, -11) and F (7, -20) are collinear.

3  Prove that points G (2, 2), H (6, 4) and J (8, 5) all lie on the same straight line.

4  The points (4, 5), (8, 8) and (12, k) are collinear. Find the value of k.

5  The points (1, 10), (2, 13) and (t, 16) all lie on the same straight line. Find t.

6  The points A (3, -2), B (-1, 4) and C (7, q) are collinear. Find q.

7  P is the point (10, -4), Q is (8, 4) and M is the midpoint of PQ.

R is the point (1, -6) and S is (13, 3). Show that R, S and M are collinear.

8  A is the point (3, 7) and B is (9, 19). A third point C lies directly between A and B such that the ratio AC : CB is 1:2. Find the coordinates of C. [image: ]



[image: ]



Perpendicular lines

If two lines with gradients [image: ] and [image: ] are parallel, then [image: ]

In this section we shall consider two lines with gradients [image: ] and [image: ] which are perpendicular (look back to questions 10 and 11 in Exercise 1.3).


[image: ]


In the above diagram the line OP, where P is the point [image: ] has been rotated [image: ] anti-clockwise about the origin to OQ, so that Q is the point [image: ]

Check that [image: ][image: ] and [image: ][image: ].

Therefore [image: ][image: ][image: ][image: ][image: ] .

This leads to the important result that if two lines with gradients [image: ] and [image: ] are perpendicular, then [image: ]


•  To decide if two lines are perpendicular, calculate the product of their gradients. They are perpendicular if the product equals [image: ]

•  If a line has gradient [image: ] you can find the gradient of a perpendicular line by inverting [image: ] and changing the sign, leading to [image: ]. For example, [image: ] and [image: ] are gradients of perpendicular lines.




[image: ]

Example

AB is a line perpendicular to the line with equation [image: ]

Find the equation of AB if A has coordinates [image: ]

SOLUTION

Rearrange [image: ] into the form [image: ]


[image: ]


As AB is perpendicular to the line [image: ] [image: ][image: ].

Use the formula [image: ] to find the equation of AB.


[image: ]


[image: ]




[image: ]

Note

Remember that the equation of a line can appear in numerous different forms, e.g. y = mx + c or ax + by + c = 0. It is good practice to tidy up any fractions and simplify as far as possible.

[image: ]




[image: ]

Exercise 1.5


  1  The gradients of six lines are given below:

AB  [image: ]

CD  [image: ]

EF  [image: ]

GH  [image: ]

IJ  [image: ]

KL  [image: ]

State which pairs of lines which are:




      a)  parallel

      b)  perpendicular




  2  Write down the gradient of a line which is perpendicular to a line with gradient:




      a)  [image: ]

      b)  [image: ]

      c)  [image: ]

      d)  [image: ]

      e)  [image: ]

      f)  [image: ]




  3  Explain why the straight lines with equations [image: ] and [image: ][image: ] are perpendicular.

  4  Write down the equation of the line through the origin perpendicular to the line with equation: 




      a)  [image: ]

      b)  [image: ]

      c)  [image: ][image: ]

      d)  [image: ][image: ]




  5  P is the point (6, 5) and Q is (-3, 4)




      a)  Write down the gradient of a line parallel to PQ.

      b)  Write down the gradient of a line perpendicular to PQ.




  6  a)  Find the gradient of the line joining points U (-1, 3) and V (5, -2).

      b)  Hence find the equation of the line perpendicular to UV which passes through the point W (2, 4).




  7  A is the point (0, -4) and B (3, 2). Find the equation of the line which is perpendicular to AB and passes through the point (5, 1). [image: ]

  8  A line passes through the points G (1, 3) and H (6, 2). Find the equation of the line which is parallel to the given line and passes through the point (-3, 7).

  9  Find the equation of the line passing through C (-2, 2) perpendicular to the line joining A (-4, 8) and B (1, -3).

10  Find the equation of the line passing through L (4, -1) perpendicular to the line joining M (-3, 0) and N (6, 6).

11  G is the point (-5, -6) and H (-3, -3). Find the equation of the line perpendicular to GH which passes through the point (-4, 0).

12  Given that K, L and M are the points (-4, 0), (-1, 3) and (3, -1) respectively, prove that triangle KLM is right-angled. [image: ]

13  A triangle has vertices A (-3, -3), B (-1, 1) and C (7, -3). Show that the triangle is right-angled at B.

14  A line has equation [image: ] Find the equation of the line perpendicular to this line which passes through the point (0, -3).

15  AB is a line perpendicular to the line with equation [image: ]

Find the equation of AB if A has coordinates (3, 1).

16  UV is a line perpendicular to the line with equation [image: ]

Find the equation of UV if V has coordinates (-4, 0).



[image: ]



Perpendicular bisectors

As the name suggests, the perpendicular bisector of a line is a straight line which crosses the midpoint of the line at right angles.


[image: ]



[image: ]

Example

Find the equation of the perpendicular bisector of the line joining P (-2, 4) to Q (6, 10).


[image: ]


SOLUTION

Carry out the following steps:


•  Find the midpoint of PQ.

•  Find the gradient of PQ.

•  Find the gradient of the perpendicular bisector.

•  Substitute into [image: ].



The midpoint of PQ is [image: ].

[image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ]

Therefore the gradient of the perpendicular bisector is [image: ].


[image: ]


[image: ]




[image: ]

Exercise 1.6


1  Find the equation of the perpendicular bisector of the line joining each pair of points:




    a)  A (1, 3) and B (7, 9)

    b)  C (-2, 6) and D (4, 2)

    c)  E (-4, -4) and F (6, 2)

    d)  G (-2, 5) and H (4, -3)

    e)  J (3, 1) and K (3, -5)

    f)  L (-5, -1) and M (5, 7)




2  A triangle has vertices P (-2, -3), Q (6, 1) and R (5, 8).

Find the equation of the perpendicular bisector of the line PQ.

3  The diagram shows triangle DEF. [image: ]

D has coordinates (1, 9), E (7, 5) and F (1, -2).

Find the equation of the perpendicular bisector of the line DF.




[image: ]


[image: ]



The altitude of a triangle

The altitude of a triangle is a straight line from a vertex perpendicular to the opposite side.


[image: ]



[image: ]

Example

A (-6, 4), B (-1, -4) and C (5, 3) are vertices of triangle ABC.

Find the equation of CD, the altitude from C.


[image: ]


SOLUTION

Carry out the following steps:


•  Find the gradient of AB.

•  Find the gradient of CD.

•  Substitute into [image: ].



[image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ]

Therefore the gradient of the altitude is [image: ].


[image: ]


[image: ]




[image: ]

Exercise 1.7


1  Find the equation of the altitude from K in a triangle with vertices K (4, -2), L (-3, -1), and M (1, 3).

2  P (-4, 5), Q (-2, -2) and R (4, 1) are vertices of triangle PQR.

Find the equation of PS, the altitude from P.

3  In triangle ABC, A is the point (3, -2), B is (5, -3) and C is (2, 1).




    a)  Find the equation of the altitude from A.

    b)  Find the equation of the altitude from B.




4  Find the equation of all three altitudes in a triangle with vertices A (7, 8), B (6, 2) and C (-5, 2). [image: ]

5  STU is a triangle where T has coordinates (3, -1) and the line SU has equation [image: ] [image: ]

Find the equation of the altitude from T.



[image: ]



The median of a triangle

The median of a triangle is a straight line from a vertex to the midpoint of the opposite side.


[image: ]



[image: ]

Example

A triangle has vertices T (-1, 3), U (5, 2) and V (9, -6)

Find the equation of the TM, the median from T.


[image: ]


SOLUTION

Carry out the following steps:


•  Find M, the midpoint of UV.

•  Find the gradient of TM.

•  Substitute into [image: ].



The midpoint of UV is [image: ] .

[image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ]


[image: ]


[image: ]




[image: ]

Exercise 1.8


1  A triangle has vertices P (-2, -3), Q (6, 1) and R (5, 8).

Find the equation of RM, the median from R.

2  In triangle ABC, A is point (-3, -3), B is (-1, 1) and C is (7, -3).




    a)  Find the equation of the median AM, the median from A.

    b)  Find the equation of BN, the median from B.




3  Find the equations of all three medians in a triangle with vertices P (2, 6), [image: ]

Q (8, -4) and R (-2, 4).




4  A triangle has vertices K (-1, -4), L (3, 6) and M (1, 12). [image: ]




    a)  Find the equation of the perpendicular bisector of the line KL.

    b)  Find the equation of the altitude from K.

    c)  Find the equation of the median from M.




5  Triangle PQR has vertices P (3, 4), Q (-6, 6) and R (-4, -2). [image: ]


[image: ]





    a)  Find the equation of the altitude through P.

    b)  Find the equation of the median through P.

    c)  What kind of triangle is PQR? Justify your answer.



[image: ]



Intersecting lines

In this section you will study how to find points of intersection of straight lines associated with triangles.


[image: ]

Example

Triangle XYZ has vertices X (9, 0), Y (-1, -6) and Z (2, 6).

The median ZM and the altitude XA meet at the point K.


[image: ]



    a)  Find the equation of ZM.

    b)  Find the equation of XA.

    c)  Find the coordinates of K.



SOLUTION


    a)  The median ZM joins Z to M, the midpoint of XY.

As X is (9, 0) and Y is (–1, –6), M is [image: ].

The gradient of ZM is [image: ].

The equation of ZM is [image: ][image: ].

This simplifies to [image: ].

    b)  The altitude XA is perpendicular to YZ.

The gradient of YZ is [image: ] [image: ].

Therefore the gradient of XA is [image: ].

The equation of XA is [image: ][image: ][image: ]

This simplifies to [image: ].

    c)  To find the point of intersection of ZM and XA, solve simultaneous equations.

[image: ]

By substitution in (1): [image: ]

Hence the coordinates of K are [image: ]



[image: ]




[image: ]

Exercise 1.9


1  In triangle ABC, A is the point (-3, -3), B is (-1, 1) and C is (7, -3).




    a)  Find the equation of the median AM.

    b)  Find the equation of the median BN.

    c)  The medians AM and BN intersect at S. Find the coordinates of S.




[image: ]



2  In triangle PQR, P is the point (6, 6), Q is (–3, 0), and R is (0, -3).




    a)  Find the equation of the altitude from P.

    b)  Find the equation of the altitude from Q.

    c)  Find the coordinates of the point of intersection of the altitudes from P to Q.




3  Triangle ABC has vertices A (1, 8), B (8, -6) and C (-12, -2). [image: ]




    a)  Find the equation of median AM.

    b)  Find the equation of altitude CT.

    c)  Find the coordinates of S, the point of intersection of AM and CT.


[image: ]





4  Triangle KLM has vertices K (-1, 12), L (-2, -5) and M (7, -2).




    a)  Find the equation of the median LP.

    b)  Find the equation of the altitude KT.

    c)  Find the coordinates of the point of intersection of LP and KT.




5  Triangle ABC has vertices A (-1, 6), B (-3, -2) and C (5, 2). [image: ]




    a)  Find the equation of the line [image: ], the median from vertex C.

    b)  Find the equation of the line [image: ], the perpendicular bisector of BC.

    c)  Find the coordinates of the point S, the intersection of [image: ] and [image: ]


[image: ]




[image: ]



Concurrent lines

Three or more lines are said to be concurrent if they intersect at a single point.


[image: ]

Example

Three lines have equations [image: ] and [image: ]

Determine whether these lines are concurrent.

SOLUTION

You answer this question by solving simultaneous equations. You do not need to solve every pair of equations – simply solve the easiest pair then check if the coordinates of the point of intersection satisfy the remaining equation.

The easiest pair of equations to solve appear to be [image: ] and [image: ]

[image: ]

Substitute [image: ] in equation (1): [image: ]

Hence the lines [image: ] and [image: ] intersect at [image: ]

Now substitute [image: ] into the remaining line [image: ].

[image: ]

Therefore all three lines pass through [image: ] so they are concurrent.

[image: ]




[image: ]

Exercise 1.10


1  Find which of the following sets of lines are concurrent:




    a)  [image: ]

    b)  [image: ][image: ]

    c)  [image: ]

    d)  [image: ]




2  Find the value of k if the lines [image: ] and [image: ] are concurrent.



[image: ]



Concurrent lines associated with triangles


•  The three perpendicular bisectors in a triangle are concurrent.

•  Their point of intersection is called the circumcentre of the triangle.

•  This point is the centre of the circumcircle, i.e. the circle which passes through all three vertices of the triangle.


[image: ]


•  The three altitudes in a triangle are concurrent.

•  Their point of intersection is called the orthocentre of the triangle.

•  If the triangle is acute-angled, the orthocentre will be inside the triangle.


[image: ]


•  The three medians in a triangle are concurrent.

•  	Their point of intersection is called the centroid of the triangle.

•  	The centroid cuts each median in the ratio 2 :1. It is the ‘centre of gravity’ of the triangle.


[image: ]





[image: ]

Exercise 1.11


All the questions in this exercise are [image: ].




1  a)  Find the equation of all three altitudes in a triangle with vertices A [image: ] [image: ] and C [image: ]

    b)  Find the coordinates of the orthocentre of the triangle.

2  a)  Find the equation of all three medians in a triangle with vertices P [image: ] Q [image: ] and R [image: ]

    b)  Find the coordinates of the centroid of the triangle.

3  a)  Find the equation of all three perpendicular bisectors in a triangle with vertices D [image: ] E [image: ] and F [image: ].

    b)  Find the coordinates of the circumcentre of the triangle.




4  A funfair owner wants to tidy up the environment of his funfair. He intends to place a new rubbish bin for each group of three rides.

To make it efficient and easy to access for his customers, he intends to place the bin at the circumcentre of the three rides.


[image: ]


Find the coordinates of the spot where he should place the bin for this set of rides.



[image: ]




[image: ]

Investigation

Draw a large scalene triangle.

Mark in the perpendicular bisectors in one colour, and mark in the point of intersection.

Mark in the altitudes in another colour, and mark in the point of intersection.

Mark in the medians in a third colour, and mark in the point of intersection.

Look at the three points of intersection. Join them up. Are you surprised?

This is known as Euler’s line – you may wish to put this term in a search engine and find out a little more.

In a different scalene triangle, draw the three angle bisectors (the lines which bisect the angles at each vertex of the triangle).

Find out the name of the point where the three angle bisectors intersect.

[image: ]



Checkout


  1  Find the distance between the points [image: ] and [image: ]

  2  ABCD is a parallelogram. A has coordinates [image: ] B is [image: ] and C is [image: ]

Find the equation of DC.

  3  L, M and N are vertices of a triangle as shown.

Find the equation of LS, the altitude from L.


[image: ]


  4  A and B are the points [image: ] and [image: ]

Find the equation of the perpendicular bisector of AB.


[image: ]


  5  Three lines have equations [image: ] and [image: ]

Determine whether these lines are concurrent.

  6  The line KL makes an angle of 30° with the y-axis as shown.

Find the exact value of the gradient KL.


[image: ]





  7  a)  Find the equation of the straight line through the points A [image: ] and B [image: ]

      b)  Find size of the angle which the line AB makes with the positive x-axis.




  8  A chord joins the points A [image: ] and B [image: ] as shown.

Show that the equation of the perpendicular bisector of chord AB is [image: ]


[image: ]


  9  Show that the points A [image: ] B [image: ] and C [image: ] are collinear.

10  Triangle DEF has vertices D [image: ] E [image: ] and F [image: ]




      a)  Find the equation of the median from E.

      b)  Find the equation of the altitude from D.

      c)  Find the point of intersection of the median and altitude.




[image: ]

Summary

The Straight Line


  1  The distance from A [image: ] to B [image: ] is given by the distance formula:[image: ].

  2  The midpoint of the line joining the points A [image: ] and B [image: ] has coordinates given by [image: ].

  3  The gradient of the line which makes an angle of [image: ] with the positive direction of the x-axis is given by [image: ].


[image: ]


  4  Points which lie in a straight line are said to be collinear. To show that points A, B and C are collinear, use gradients to check that lines AB and BC are parallel, and state that B is a point common to both lines.

  5  If two lines with gradients [image: ] are perpendicular, then [image: ].

  6  The perpendicular bisector of a line is a straight line which crosses the midpoint of the line at right angles.

  7  The altitude of a triangle is a straight line from a vertex perpendicular to the opposite side.

  8  The median of a triangle is a straight line from a vertex to the midpoint of the opposite side. 

  9  Three or more lines are said to be concurrent if they intersect at a single point. To check whether a set of lines is concurrent, use simultaneous equations to find the point of intersection of one pair of the lines, then check that the coordinates of this point satisfy the remaining equations. 

10  The perpendicular bisectors in a triangle are concurrent, as are the altitudes and the medians.




      •  The perpendicular bisectors intersect at the circumcentre of the triangle. 

      •  The altitudes intersect at the orthocentre of the triangle.

      •  The medians intersect at the centroid of the triangle.



[image: ]
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CHAPTER

Applying Integral Calculus

In this chapter you will look at how to use integration to find the area between a curve and straight
line or between two curves, and how to solve problems involving rate of change.

What | am learning

# To find the area between a curve and the x-axis
# To find the area between a straight line and a curve or between two curves
# To determine and use a function from a given rate of change and initial conditions
#* To solve problems like:
a) The shaded part of the diagram represents one of the blades of an aircraft’s propeller.
¥ ymad
¥ =i

The shaded region is enclosed by the curves with equations y=+/x and y=x%
Calculate the area of the blade.

b) The population of a town is growing at a rate of 50+ 3Vt people per year.The present
population is 10000. Find a formula for P, the population after t years.

What | should already know/be able to do

% To calculate the definite integral of polynomial functions with integer limits
# To calculate the definite integral of functions with limits which are integers, radians, surds

or fractions
Quick check!
Evaluate:
3 9 i,
| J'(zx-|)(x+2)dx 2 J';J?dz 3 I":zdu
-2 4 1 u

(2x+1)*dx 5

s
2sin(r - 36)d6 6 I5°°52'd'
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What | am learning

To determine the greatest/least value of a function on a closed interval
To determine the optimal solution for a given problem

To solve problems using rate of change

To solve problems like:

A sector of a circle with radius rcm has area 100cm?

a) Show that the perimeter Pcm of the sector is given by P = 2r + m
b) Find the least possible perimeter of the sector.
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Trigonometric Equations 2

Equations of the type 2 sin x° + 7 cos x° = 3 can be solved by expressing 2 sin x° + 7 cos x°
in any of the four forms k cos (x + a)° and k sin (x + a)°.

Equations of the type 3 sin 2x° + 4 cos 2x° = | can be solved by expressing

3 sin 2x° + 4 cos 2x° in any of the four forms k cos (2x + a)° and k sin (2x + a)°.
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2 Maximum value = 5 when x = 53-I; minimum value = -5
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What | should already know/be able to do

% Express asin x + b cos x in the forms k cos(x + a) and k sin(x + a)
# Find the maximum and minimum values of a sin x + b cos x
% Sketch the graph of y = a sin x + b cos x
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Substitute into y —b = m(x—a):
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Hivﬂ' Note that the above equation could be given in the form f(x) = 4x°—8x*—20x + 24
by expanding the brackete. It is not necessary to do this but check that you can
expand the brackets accurately. It will be a good test of your algebra ekills.





OEBPS/ch11/image/1.png
What | am learning

To understand the meaning of the terms domain, range and one-one correspondence
To find the domain and range of a function

To complete the square on a non-unitary quadratic expression

To draw the graph of functions related to a given graph

To sketch related exponential and logarithmic functions

To find the formula for the composition of two functions

To know the conditions for a function to have an inverse

To sketch the graph of an inverse function

To find a formula for an inverse function

How to solve problems like this:

A function f is given by the formula f(x) = x* + 3 where x is a member of the set of positive
real numbers.

* R KKK KKK KK

a) State the range of f(x).

b) Find a formula for f~/(x).
c) State the domain of f~/(x).
d) State the range of f~/(x).
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What | should already know/be able to do

Find the coordinates of the midpoint of a line

Understand the converse of the Theorem of Pythagoras

Understand the meaning of the components of a vector in two and three dimensions
Find the magnitude of a vector in two and three dimensions

Understand negative and zero vectors

Add and subtract vectors

Multiply a vector by a scalar

Use directed line segments

Understand coordinates in three dimensions

Use vector pathways in two dimensions

* XK K KKK KKK
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Hint

When we were asked to show that D, E and F were collinear, we could have
chosen any two from six possible directed line segments to prove this, namely
DE, DF, ED, EF, FD or FE. The reason that DE and EF were chosen is that we
were asked for the ratio in which point E divides DF. By choosing these two
directed line segments, we can quickly find the solution to part (b).
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Two special cases
If 6=0¢°, for example in the case a.a = |a||a|cos0°, then as cos0° = |, a.a = |a|*

If 6=90°, for example in the case a.b = |a||b|cos90°, then as cos90° = 0,a.b = 0.
The second result shows that, when two vectors a and b are perpendicular, then a.b = 0.

The converse of this statement is true and is a very important result: if the scalar product of two vectors
is 0, then the two vectors are perpendicular.
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Nodre A epecial case of the section formula occurs when F’ is the midpoint of AB. In this
case P divides AB in the ratio 1:1 and therefore p =5 (a + b). This should remind you
of how you found the midpoint of a straight line which you met earlier.
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Note

An alternative method of finding the coordinates of P is shown below.
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Hi"‘l‘ It may help you to factorise 10 cos’x* - cos x° - 2 if you replace cos x° by ¢ and
then factorise 10c% —c — 2.
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Exercise 12.1 (continued)

Calculate the distance between the following pairs of points:

a) A(=5, -2, 3)and B (I, 2, —4) b) C(~1,0, 4)and D (6, -3, 2)
) E(4, -2, 1)and F (3,0, -3) d) G(-2,6,-3)and H (I, -4, 3)
) J(6. I, 16)and K (3, -3, 9) f) L(4.-5 —2)and M (-1, -3, -6)

g) 0(0,0,0)and P (-2, 3,7)
A triangle has vertices R (6, =6, 1), S (=6, =12, 5)and T (12, -2, 13).
Show that triangle RST is isosceles.

Use the distance formula to show that QRST is a parallelogram where Q is the point (I, 3, 7), R is the
point (5, 6, 8), S is the point (=2, 4, 3) and T is the point (=6, |, 2).

Triangle ABC has vertices A (9, =3, 5),B (11, —4, 2) and C (12, -8, 4). Prove that triangle ABC is
right-angled.
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P is the point (2,01, 3).

a) Write down the components of the position vector p.

b) Find the magnitude of the vector OP.

Three points D, E and F have coordinates ([J4,0,[12), (5,2, [13) and (]I, 6, 4) respectively.
Find the components of:

a) DE b) DF )
d) EF e) FD f)
Ais the point (5, I,[16); B is the point (10,[12,[12).

a) Find the components of the vector AB.

b) Find the magnitude of vector AB. Express your answer as a surd in its simplest form.
Cis the point (2, 3,[]1); D is the point ({1, 7,[13).

Calculate the length of vector CB.

o
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What | should already know/be able to do

# Differentiate algebraic functions which can be reduced to expressions involving powers of x
% Find the stationary values of a function and determine their nature
# Construct a formula to model information
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What | am learning

To use position vectors in two and three dimensions

To use the distance formula in three dimensions

To use the three unit vectors i, j and k

To determine whether or not three points in space are collinear

To find the ratio in which one point divides the line joining another two points
To use the section formula

To use vector pathways in three dimensions

To use the distributive law for vectors

To use the scalar product in the form a.b =|a|bjcos6

To use the scalar product in the form a.b = ab,+ a,b,+ a;b,

To know that if two vectors are perpendicular; then a.b =0

To calculate the angle between two vectors

To answer questions like this:

Ais the point (3,-5,0),B is the point (-5, 2,4) and C is the point (-1, 3,-7).
Calculate the size of angle ABC.

LR R R
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The equation x*+y?+2gx+2fy+c=0 is the general equation of a circle with centre (g —f) and

radius /g*+f*—c, provided that g’+f*—c>0.
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Definition
A circle is a locus of points equidistant from a fixed point (the centre).

The circle Cis a set of points at distance r from the origin.
A point P (x, y) is marked on the circumference.
By applying the Theorem of Pythagoras, it can be seen that x*+y?

Circle C

Circle, centre the origin
(0,0) and radius r
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What | should already know/be able to do

Use vocabulary relating to circles, e.g. radius, diameter, chord, circumference
How to find the equation of a straight line

Solve simultaneous equations

Solve inequalities

Factorise and solve quadratic equations

Complete the square in a quadratic expression

Use the discriminant to find the nature of the roots of a quadratic equation
Find the midpoint of a line segment

Use the distance formula

Change the subject of a formula

* R KK KKK KRR
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What | am learn

# The equation of a circle in the form:

* x’+y’=r’

* (x=a)+(y-b)'=r’

* x+y'+2gx+2fy+c=0

How to use the equation of the circle to solve problems

How to find the equation of a tangent to a circle

How to use the properties of the tangent to solve problems
How to find the intersection of a line and a circle

How to check whether circles overlap, touch or do not overlap
How to solve problems like this:

The point P (4, 3) lies on a circle with centre C (-2, —1).
Find the equation of the tangent at P.

* XK K K K*
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The equation of a circle with centre (0, 0) and radius ris x*+y*=r>
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Hint

There was not a problem with signs as both angles were acute. Be careful,
however, if one of the ratios is negative. For example, if you are told in an

example that an angle C is obtuse then you can use the same method but
cos C would be negative.
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What | should already know/be able to do

How to use the Theorem of Pythagoras

How to carry out the four operations with fractions

How to simplify surds

How to express a fraction with a rational denominator

Know the exact values of the sine and cosine of 0°, 30°,45°,60° and 90°
How to prove trigonometric identities
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What | am learn

To use the addition formulae for sin (A + B) and cos (A + B)
To use the double-angle formulae for sin 2A and cos 2A

To use the formulae in numerical examples

To use these formulae to prove trigonometric identities

To answer questions like this:

* K K K X

If @an x° = 12, 0. < x < 90, find the value of cos 2¢".

You should be aware of the distinction between degrees and radians. Consider the two
equations y = sin x° and y = sin x. The fact that there is no degree sign in the second equation
tells you that radians are being used to measure angles.Watch out too for intervals such as

0 < x < 360 (degrees) and 0 < x < 2[] (radians). Keep this in mind as you work through this
and subsequent trigonometry chapters.






