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Introduction

Algebra, like arithmetic, deals with numbers. The two subjects have much in common; indeed, algebra has been called ‘generalized arithmetic’, though this is a very incomplete description of it. It would perhaps be more correct to say that algebra is an extension of arithmetic.

Both subjects employ the fundamental operations of addition, subtraction, multiplication and division of numbers, subject to the same laws. In each, the same symbols, +, –, ×, ÷, are used to indicate these operations, but in algebra, as new processes are developed, new symbols are invented to assist the operations. Terms such as fractions, ratio, proportion, square root, etc. have the same meaning in both subjects, and the same rules govern their use.

In arithmetic you use numbers whose values are known; you operate with these and obtain definite numerical results. In algebra, however, while you may use definite numbers on occasions, you are, in the main, concerned with general expressions and general results, in which letters or other symbols represent numbers not named or specified.

Algebra is an essential tool in mathematics and underpins most areas of mathematics and science. The ability to manipulate equations and formulae is a key part of trigonometry, calculus, mechanics and statistics. Physics and chemistry are obvious examples of subjects that use a great many formulae but other subjects such as economics or psychology also rely on algebra. For example, when psychologists test a hypothesis on a large group of subjects they need to use algebra to help interpret the results.

Algebra has many applications in everyday life: algebra enables you to input a formula into a spreadsheet, or work out the compound interest payable to you on your bank account. A toy manufacturing company might use algebra to work out the optimal number of a particular doll to produce given certain constraints of expected sales, limited running time and manufacturing costs: this is a process called linear programming. Architects need to solve complex equations when designing a new building, a statistician will use algebraic formulae when interpreting the results of the latest opinion poll and a pharmacist will use a formula to work out the correct dosage of a drug. When you buy a new carpet, you work out the area of the flooring to find the total cost. When you go on a long journey you might make a rough calculation to estimate your arrival time. All of these examples involve the use of algebra.

Often algebraic processes are used informally, but actually writing down and formalizing an approach to solving a problem is very powerful. For example, you can manually enter the numbers 10, 20, 30, 40, 50, …, 1000 into column A of a spreadsheet or you can enter 10 into cell A1, ‘=A1+10’ into cell A2 and then copy the formula down into the required number of cells. The end result is the same, but the second method is much more efficient. To work out the amount of money you will have in a savings account after 5 years at 5% interest, you could work out the amount after year 1, then year 2 and so on, or you can use the formula: final amount = initial investment × 1.055.

Algebra is often used when solving brain training puzzles, albeit informally. These puzzles hone your logical thinking skills and are, studies suggest, good for preserving your mental health. Often puzzles are solved by using algebraic techniques. For example, a puzzle like: ‘If 4 coffees and 3 cakes cost £11.70 and 2 coffees and 1 cake cost £5.10, how much is a cake?’ can be reasoned out using algebraic thinking. One line of reasoning would be: ‘2 coffees and 1 cake cost £5.10, so 4 coffees and 2 cakes would cost £10.20. But 4 coffees and 3 cakes cost £11.70 and the difference between the orders is 1 cake or £11.70 − £10.20 = £1.50. So a cake costs £1.50.’ You would use exactly the same reasoning to solve simultaneous equations, but algebra allows you to generalize the method. Wrestling with a tricky algebra problem or concept is deeply satisfying – once you have finally solved it there is a definite ‘eureka!’ moment.

The ability to think logically, reason clearly, to manipulate numbers and spot patterns is key to many careers, and a large number of employers will specifically ask for these attributes. Being confident with algebra is fundamental to these skills.

Algebra is such a wide and comprehensive subject that this book cannot be regarded as anything more than an elementary introduction to it. It will help you to learn something of the principles and foundations of the subject, thus enabling you to proceed to the study of more detailed and advanced books. It also provides the knowledge of algebra required for engineering, etc. Consequently some of those elementary sections of the subject which are of little use for these purposes have not been included.

The exercises are progressive and designed to enable you to test your knowledge of what you have studied and to provide material for your training in that power of manipulation which is so essential. They contain few of the more complicated or academic problems which are beyond the practical requirements of the ordinary student.

An appendix contains a very brief summary of the meaning of permutations and combinations, the binomial theorem, and the nature of the roots of a quadratic equation. Also included are those formulae which you may require when beginning work on calculus or other branches of mathematics.

While the fundamental laws of algebra have not been entirely overlooked, rigid proofs of them have been omitted, owing to exigencies of space. It is hoped, however, that the logical basis of the subject has not been seriously impaired by the omissions.

Some emphasis has been placed on the graphical aspects of parts of the subject, since experience has shown that they prove stimulating and provide revealing help to the student.

No previous mathematical knowledge is required for this work, beyond that of arithmetic. References have occasionally been made to theorems in geometry or trigonometry for the benefit of those students who have some knowledge of them.

The author would like to thank Mr Hugh Neill for his work on recent editions. This includes updating and modernizing the text. Thanks too to Mr C.E. Kerridge for permission to use examples from National Certificate Mathematics Vol I and Mr H. Marshall for the use of examples from Vol II.

The publishers would like to thank Sophie Goldie for her work on this edition of the book.


1

The meaning of algebra
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In this chapter you will learn:

•  that in algebra letters stand for numbers

•  how to substitute numbers for letters

•  how to write down simple algebraic expressions.
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1.1  An illustration from numbers

The following example illustrates the use of letters to represent generalizations in number. You know that

•  if any integer – that is, a whole number – is multiplied by 2, the result is always an even number

•  if any even number is increased by 1, the result is an odd number.

These two statements can be combined in one as follows.

If any integer is multiplied by 2 and the product increased by 1, the result is an odd number.

This is a generalization about an odd number, expressed in words. This can be expressed by means of algebraical symbols as follows.

•  let n be any integer

•  then 2 × n is always an even number

•  therefore 2 × n + 1 is always an odd number.

The last step shows an algebraic expression which you can use to represent any odd number.

The brevity and lucidity of this expression compared with the full description of an odd number above will be apparent. But its value goes beyond this. You can manipulate this algebraic form, you can operate with it and, in this way, you can use it in the solution of problems.

First note, however, that when expressing the product of two or more numbers represented by letters or a numeral and letters, you can leave out the multiplication sign. Thus 2 × n can be written as 2n, and 2 × n + 1 as 2n + 1. This cannot be done with two numerals, such as 25, because under the decimal system the figure ‘2’ has a place value. Multiplication may also be shown by a dot, so 2 · n means 2 × n or 2n.

If any odd number can be represented by 2n + 1, then, since when any odd or even number is increased by 2 the result is the next odd or even number, the next odd number greater than 2n + 1 is 2n + 1 + 2 or 2n + 3.

Similarly 2n + 5 is the next odd number above 2n + 3.

So the expressions

2n + 1, 2n + 3, 2n + 5, 2n + 7, …

form a sequence, or a succession of consecutive increasing odd numbers.

Similarly, if you subtract 1 from an even number, you obtain an odd number.

2n − 1, 2n − 3, 2n − 5, …

represents a sequence of decreasing odd numbers.

Note: The succession of ‘dots’ after the sets of odd and even numbers indicates that you could write down more such numbers if it were necessary.

1.2  Substitution

In the algebraic representation of a set of odd numbers – namely

2n + 1, 2n + 3, 2n + 5, …

since n represents any integer, you could, by assigning some particular value to n, obtain the corresponding odd number.

[image: image]

Consequently the sequence of increasing odd numbers corresponding to this particular value of n is

101, 103, 105, 107, ….

Similarly, the decreasing odd numbers when n = 50 can be found by substituting this value of n in the sequence

2n − 1, 2n − 3, 2n − 5, ….

Then you get the corresponding arithmetical values

99, 97, 95, ….

1.3  Examples of generalizing patterns

There are many situations which you can describe by using an algebraic expression or formula. Here are three examples which show how you can describe a typical pattern in a sequence by using letters.

Look at the pattern of dots in each of the shapes in Figure 1.1 below.

[image: image]

Figure 1.1

In the second pattern there are 2 × 2 (= 4) dots, in the third pattern there are 3 × 3 (= 9) dots, in the fourth pattern there are 4 × 4 (= 16) dots. In the next pattern there are 5 × 5 (= 25) dots. If the pattern continued in the same way there would be 10 × 10 (= 100) dots in the tenth shape. To find the number of dots in any particular pattern you find the position of the pattern in the sequence and then multiply this number by itself. The number of dots in the 17th pattern in the sequence would be 17 × 17 (= 289) dots. In a similar way in the nth pattern there would be n × n (or n2) dots.

Look at the pattern of shapes in Figure 1.2. Each one is made up of a different number of lines. The first has 3 lines, the second has 5 lines, the third has 7 lines, the next again has two more lines and so on. These are the odd numbers. The number of lines in each shape is two more than the number in the previous shape.

[image: image]

Figure 1.2

You can relate the number of lines in any given shape to the position of the shape in the sequence. The fourth shape has 2 × 4 + 1 (= 9) lines, the fifth shape has 2 × 5 + 1 (= 11) lines, the sixth shape has 2 × 6 + 1 (= 13) lines, whilst the tenth shape would have 2 × 10 + 1 (= 21) lines.

To find the number of lines in any particular shape you find the position of the shape in the sequence, double this number and then add 1.

You can use letters to describe the number of lines in a particular shape. If you use the letter n to describe the position of the nth shape in the sequence, then you can write the number of lines as 2 × n + 1, or 2n + 1. You can use this expression to write down the number of lines in any shape. For example in the 17th shape the value of n to be substituted in 2n + 1 is 17, so the number of lines is 2 × 17 + 1 (= 35) lines.

Look at the second pattern of shapes in Figure 1.3, below. This time each one is made up of a number of squares. As in the previous example, you can find an expression which allows you to write down the number of lines in any given shape.

[image: image]

Figure 1.3

The number of lines increases by three for each new shape. You can relate the number of lines in any given shape to its position in the sequence. The first shape has 1 + 3 (= 4) lines, the second shape has 1 + 3 + 3 (= 7) lines, the third shape has 1 + 3 + 3 + 3 (= 10) lines, whereas the tenth shape would have 1 + 10 × 3 (= 31) lines.

To find the number of lines in any particular shape you find the number of squares in the shape, multiply this number by 3 and then add 1.

You can use letters to describe the number of lines in a particular shape. If you use the letter n to describe the number of squares in the nth shape in the sequence, then you can write the number of lines as 3 × n + 1, or 3n + 1. You can then use this expression to write down the number of lines in any shape. For example in the 17th shape the value of n to be substituted in 3n + 1 is 17, so the number of lines is 3 × 17 + 1 (= 52) lines.

There are various ways of looking at the number of lines in the pattern of squares. Each of these can lead to a different way of describing the typical shape. For example, in each shape the number of horizontal lines is double the number of squares in the shape and the number of vertical lines is one more than the number of squares. If you use the letter n to represent the number of squares in the shape then the total number of lines is 2n + (n + 1) which you can also write as 3n + 1, as before. Another way might be to take the number of lines in each of the n squares and then to subtract the number of vertical lines where two adjacent squares touch, since these have been counted twice. The number of lines in n squares is 4n. The number of lines counted twice is one less than the number of squares, that is, n − 1, so the total number of lines in the n squares is 4n − (n − 1), which can also be rewritten as 3n + 1, as before (see Section 3.2).

Using letters to describe the general case, in situations like these, is a very powerful way of summarizing what might otherwise be an extremely lengthy process. Algebraic expressions and formulae are the mathematician’s shorthand which in many cases allow information to be both concise and extremely precise at the same time.

1.4  Letters represent numbers, not quantities

Such things as length, weight, cost are called quantities. In short, anything which can be measured is called a quantity.

Letters are not used to represent these quantities. Thus in the formula:


A = l × b



l stands for the number of cm (or m, as the case may be) and to obtain it you must first determine the unit to measure the quantity, and then use a letter to represent the number of units.

It is important, therefore, that when you use letters in algebraical expressions, you clearly state what each letter represents.

Thus you should say:

•  let l represent the number of cm in the length or, more briefly, let the length be l cm;

•  similarly, let n be the number of people, and let c be the cost in pence.

The sign ‘=’ means ‘equals’ or ‘is equal to’. It should connect two expressions which are equal in magnitude.

1.5  Examples of algebraic forms

Here are a few examples of what are called algebraic forms, that is, the expression in algebraic symbols and signs of operation of statements about quantities.
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Example 1.1




Express in algebraic form the number of pence in x pounds added to y pence.

To express pounds in pence you multiply by 100, giving:

x pounds = 100 × x pence,

So the total number of pence is 100x + y.

[image: image]
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Example 1.2




A car travels for t hours at v km/h. How far does it go? How far will it go in 20 minutes?

The car goes v km in 1 hour and so 2v km in 2 hours, 3v km in 3 hours and so on; in t hours it will go t × v km.

20 minutes is [image: image] hour and so the car travels [image: image]× v km in 20 minutes.

In [image: image] hour the car travels [image: image]v kilometres.

[image: image]
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Example 1.3




There are two numbers. The first is multiplied by 3 and 5 is added to the product. This sum is divided by 4 times the second number. Express the result in algebraic form.

Begin by choosing letters to represent the unknown numbers.

Let x represent the first number.

Let y represent the second number.

Then three times x increased by 5 is represented by 3x + 5, and four times the second number is 4y.

The division of 3x + 5 by 4y is written as [image: image].

[image: image]
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Exercise 1.1




  1  Write down expressions for:

(a)  the number of pence in £x

(b)  the number of pounds in n pence.

  2  If £a is divided among n boys, how many pence will each boy get?

  3  If n people subscribe £a each and m other people subscribe b pence each, how many pence are subscribed in all?

  4  Write down the number of:

(a)  metres in a kilometres

(b)  pilots in x jumbo jets

(c)  tonnes in y kilograms.

  5  The sum of two numbers is 28. If one number is n, what is the other?

  6  The difference between two numbers is x; if one of them is 50, what is the other?

  7  The product of two numbers is a; if one of them is x, what is the other?

  8  If the average length of a woman’s step is x cm:

(a)  how far will she walk in 100 steps?

(b)  how many steps will she take in walking 1.8 km?

  9  A number n is multiplied by 2, and 5 is added to the sum. Write down an expression for the result.

10  If x is an odd number, write down expressions for:

(a)  the next odd numbers above and below it

(b)  the next even numbers above and below it.

11  A farmer buys sheep; x of them cost a pence each and y of them cost b pence each. What is the total cost in pounds?

12  A number is represented by x; double it, add 5 to the result, and then divide the whole by 6y. Write down an expression for the result.

13  What number must be subtracted from a to give b?

14  What number divided by x gives y as a quotient?

15  What is the number which exceeds b by a?

16  The numerator of a fraction is x increased by 2. The denominator is y diminished by 5. Write down the fraction.

17  A car travels for m hours at v km/h. It then travels n hours at u km/h. How far does it travel in all?

18  What is the total number of pence in

£a + b pence?

19  A train travels at v km/h. How far does it go in x hours and how long does it take to go y km?

20  Two numbers, less than 10, are chosen. Add them; multiply this sum by 2; add 4; multiply by 3; add 4 times one of the original numbers; take away 12; take away 5 times the other original number. The result is 10m + n. What were the original numbers? Interpret this result as a party trick.

[image: image]
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Key ideas




•  In algebra, symbols (often letters) rather than quantities are used to represent numbers. You must state clearly what each letter represents.

•  You do not need to write a ‘×’ symbol when writing algebra. So in an instruction to double a number, n is written as 2n rather than 2 × n.

•  You can replace the letters in an expression with numbers. This is called substitution.

For example, when n = 5, then 2n + 4 = 2 × 5 + 4 = 14.

•  Let n be any number. Then:

–  5n means 5 lots of n or 5 × n

–  n + 5 means 5 more than n

–  5 − n means n less than 5

–  n + m means m more than n, or the sum of n and m

–  3(n − 5) means subtract 5 from n and then multiply by 3

–  n2 means n multiplied by n.

[image: image]
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