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INTRODUCTION


‘Mathematics is the gate and key of the sciences. … Neglect of mathematics works injury to all knowledge, since he who is ignorant of it cannot know the other sciences or the things of this world. And what is worse, men who are thus ignorant are unable to perceive their own ignorance and so do not seek a remedy.’

Roger Bacon, 1214–1292



The language of mathematics has changed the way we think about the world. Most of our science and technology would have been literally unthinkable without mathematics, and it is also the case that countless artists, architects, musicians, poets and philosophers have insisted that their grasp of the subject was vital to their work. Clearly mathematics is important, and in this book I hope to convey both the poetry of mathematics and the profound cultural influence of various forms of mathematical practice. For better or worse, you can’t comprehend the influence of maths until you have some understanding of what mathematicians actually do. By way of contrast, you don’t need to be an engineer to appreciate the impact of technological change, but it is hard to comprehend the power and influence of mathematical thought without an understanding of the subject on its own terms.

Most people are numerate, and have learned a handful of rules for calculation. Unfortunately the arguments and lines of reasoning behind these techniques are much less widely known, and far too many people mistakenly believe they cannot hope to understand or enjoy the poetry of maths. This book is not a training manual in mathematical techniques: it is an informal and poetic guide to a range of mathematical thoughts. I disregard some technicalities along the way, as my primary aim is to show how the language of maths has arisen over time, as we attempt to comprehend the patterns of our world. My hope is that by writing about the development of mathematical ideas I can inspire some of my readers, shake up some lazy assumptions about pure and applied mathematics, and show that an understanding of maths can help us to arrive at a richer understanding of facts in general.

Mathematics is often praised (or ignored) on the grounds that it is far removed from the lives of ordinary people, but that assessment of the subject is utterly mistaken. As G. H. Hardy observed in A Mathematician’s Apology:


Most people have some appreciation of mathematics, just as most people can enjoy a pleasant tune; and there are probably more people really interested in mathematics than in music. Appearances suggest the contrary, but there are easy explanations. Music can be used to stimulate mass emotion, while mathematics cannot; and musical incapacity is recognized (no doubt rightly) as mildly discreditable, whereas most people are so frightened of the name of mathematics that they are ready, quite unaffectedly, to exaggerate their own mathematical stupidity.



The considerable popularity of sudoku is a case in point. These puzzles require nothing but the application of mathematical logic, and yet to avoid scaring people off, they often carry the disclaimer ‘no mathematical knowledge required’! The mathematics that we know shapes the way we see the world, not least because mathematics serves as ‘the handmaiden of the sciences’. For example, an economist, an engineer or a biologist might measure something several times, and then summarize their measurements by finding the mean or average value. Because we have developed the symbolic techniques for calculating mean values, we can formulate the useful but highly abstract concept of ‘the mean value’. We can only do this because we have a mathematical system of symbols. Without those symbols we could not record our data, let alone define the mean.

Mathematicians are interested in concepts and patterns, not just computation. Nevertheless, it should be clear to everyone that computational techniques have been of vital importance for many millennia. For example, most forms of trade are literally inconceivable without the concept of number, and without mathematics you could not organize an empire, or develop modern science. More generally, mathematical ideas are not just practically important: the conceptual tools that we have at our disposal shape the way we approach the world. As the psychologist Abraham Maslow famously remarked, ‘If the only tool you have is a hammer, you tend to treat everything as if it were a nail.’ Although our ability to count, calculate and measure things in the world is practically and psychologically critical, it is important to emphasize that mathematicians do not spend their time making calculations. The real challenge of mathematics is to construct an argument.

Pythagoras’ famous Theorem provides an excellent example of how the nature of mathematical thought is widely misunderstood. Most educated people know that given any right-angled triangle, we can use the formula a2 + b2 = c2 to find all three lengths, even if we have only been told two of them. As they have been asked to repeatedly perform this kind of calculation, people mistakenly conclude that mathematics is all about applying a given set of rules. Unfortunately, far too few people can give a convincing explanation as to why Pythagoras’ Theorem must be true, despite the fact that there are literally hundreds of different proofs. One of the simplest arguments for showing that it’s true hinges around the following diagram:
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Pythagoras: The shapes on either side of the equals sign are contained inside a pair of identical squares, whose sides are a + b units wide. The one on the left contains a square a units wide, a square b units wide plus four right-angled triangles. The one the right contains a square c units wide plus four right-angled triangles. We can convert the picture on the left into the one on the right simply by moving the four triangles, and moving a shape does not change its area. Since the white area is the same in each of the drawings, this demonstrates that a2 + b2 = c2 for any right-angled triangle.

Sceptic: How can you be certain that we always get a square on the right-hand side? More specifically, how do you know that your triangles always meet at a point, whatever the values of a and b?

Pythagoras: Both drawings are of equal height (a + b units high). This tells us that the two triangles that are just to the right of the equals sign must touch at a point, because they only just manage to fit inside the containing square. Similarly, the two triangles on the bottom of the right-hand side touch at a point, because the total length along this side is a + b, which equals b + a (the width of the containing squares).

Sceptic: OK, but how do you know that the triangles on the right-hand side always meet at right angles? In other words, how do you know that the shape on the right-hand side is really a square?

Pythagoras: You agree that we have four sides of equal length, and all four corners are the same?

Sceptic: Yes. Rotating the picture on the right by 90°, 180° or 270° leaves the diagram unchanged.

Pythagoras: And despite these facts you still aren’t convinced that it’s a square? No wonder they call you a sceptic!

My aim in writing this book is to show how the language of mathematics has evolved, and to indicate how mathematical arguments relate to the broader human adventure. This book is related to the work of various philosophers (particularly Ludwig Wittgenstein), but it is not a history of non-mathematical ideas, or an attempt to draw battle lines between conflicting ‘big pictures’ from the philosophy of maths. I will have succeeded if my writing provokes thought, but I have also tried to argue against the idea that mathematicians discover facts about abstract objects, just like scientists discover facts about physical objects. Mathematical language does not make sense because abstract objects existed before mathematicians! Contrariwise, we can only become cognisant of abstract objects because mathematical language is something that humans can actually use.

It is fundamental to human understanding that our theories or accounts of the physical world are expressed through language. People make statements of fact, and the reflective, systematic study of our ability to make statements leads us into the world of maths. Indeed, our understanding of mathematics always begins with a clear, comprehensible case, from which we form a notion of the abstract principles at play. For example, children learn the counting song, and they are then initiated into the practice of counting actual, physical objects. This concrete experience grounds our sense of number, as we abstract away from a particular experience of counting things, justifiably believing that we could set about counting any collection of objects. That is to say, number words become meaningful for an individual as they use those words on some particular occasion, in the presence of actual, countable objects, but once that person has acquired a language, the language itself enables them to think in terms of number, whatever they might wish to count.

Some people mistakenly believe that to do mathematics, we simply need to follow certain rules. I suspect that people arrive at this erroneous position because in order to satisfy their teachers and examiners, all they need to do is apply some rules correctly. In fact, higher mathematics is an essentially creative pursuit that requires imagination. That said, rules are never far behind our creative insights, because in order to contribute to the body of mathematical knowledge, mathematicians need to be able to communicate their ideas. The formal discipline that we require to fully state our arguments is an essential constraint on the shape of mathematical knowledge, but the mathematics that we know also reflects the problems, challenges and cultural concerns that have motivated the various members of the mathematical community.

I hope that reading this book persuades you that mathematicians are explorers of patterns, and formal, logical proofs that can be methodically checked are the ultimate test of mathematical validity. The clarity of a strictly formal proof is a beautiful thing to comprehend, and I think it is fair to say that an argument is only mathematical if it is apparent that it can be formalized. However, while we can gain a sense of understanding by learning to use a particular formal scheme, it is certainly possible to check each step in a formal argument without understanding the subject at hand. Indeed, a computer could do it, even though a computer is no more a mathematician than a photocopier is an artist.

I have taken a more intuitive approach as my aim is not to train the reader in the appropriate formal techniques, but simply to make the heart of each argument as comprehensible as possible. That said, the subject matter of this book is subtle and sophisticated, so there is no escaping the need to take certain arguments carefully and slowly. Mathematics is a subject where you must read the same sentence several times over, and as with poetry, you must read at an appropriate pace.

Over the course of my book I trace out a history of mathematical practice, with a focus on conceptual innovations. I do not claim to have covered all of the key ideas, but I have tried to sketch the major shifts in the popular understanding of maths. The book is structured by a combination of historical and thematic considerations, and its thirteen chapters can be grouped into four main sections. I begin by discussing the number concept, from a speculative and rhetorical account of prehistoric rituals to mathematics in the ancient world. I examine the relationship between counting and the continuum of measurement, and try to explain how the rise of algebra has dramatically changed our world.

The first section ends with ‘mathematical padlocks’ of the modern era, but in the second section I step back in time. More specifically, I discuss the origins of calculus, and the conceptual shift that accompanied the birth of non-Euclidean geometries. In short, I try to explain how modern mathematics grew beyond the science of the Greeks, the Arabs, or other ancient cultures.

In the third section I turn to the most philosophically loaded terms in mathematics: the concept of the infinite, and the fundamentals of formal logic. I also discuss the genius of Alan Turing, and try to elucidate the subtle relationship between truth, proof and computability. In particular, I focus on a proof of the infinite richness of addition and multiplication (as demonstrated by Matiyasevich’s Theorem), and examine Kurt Gödel’s celebrated theorems on the Incompleteness of Arithmetic.

In the final section I consider the role of mathematics in our attempts to comprehend the world around us. In particular, I describe the importance of models, and the role of mathematics in biology. I conclude by taking a step back from any particular theorem, and try to use what we have learned about mathematical activity to think about thinking in general.

One of the challenges in writing this book was doing justice to the weight of simple, teachable statements. Some statements are like paper darts: you can follow them with a lightness of contemplation, if you know to where they float. If your only guide is to cling to the words themselves, they cannot carry you, as their target has not been spoken. Other statements possess gravitas, as in their accessible simplicity they act like stones, pulling us down to what can and has been said. Unfortunately, people tend to underestimate the value of simple, understandable statements, as we more often praise ideas by suggesting they are hard to grasp. As the great thinker Blaise Pascal remarked in The Art of Persuasion, ‘One of the main reasons which puts people off the right way they have to follow is the concept they first encounter that good things are inaccessible by being labelled great, mighty, elevated, sublime. That ruins everything. I would like to call them lowly, commonplace, familiar. These names befit them better. I hate these pompous words …’

The great edifice of mathematical theorems has a crystalline perfection, and it can seem far removed from the messy and contingent realities of the everyday world. Nevertheless, mathematics is a product of human culture, which has co-evolved with our attempts to comprehend the world. Rather than picturing mathematics as the study of ‘abstract’ objects, we can describe it as a poetry of patterns, in which our language brings about the truth that it proclaims. The idea that mathematicians bring about the truths that they proclaim may sound rather mysterious, but as a simple example, just think about the game of chess. By describing the rules we can call the game of chess into being, complete with truths that we did not think of when we first invented it. For example, whether or not anyone has ever actually played the game, we can prove that you cannot force a competent player into checkmate if the only pieces at your disposal are a king and a pair of knights. Chess is clearly a human invention, but this fact about chess must be true in any world where the rules of chess are the same, and we cannot imagine a world where we could not decide to keep our familiar rules in place.

Mathematical language and methodology present and represent structures that we can study, and those structures or patterns are as much a human invention as the game of chess. However, mathematics as a whole is much more than an arbitrary game, as the linguistic technologies that we have developed are genuinely fit for human purpose. For example, people (and other animals) mentally gather objects into groups, and we have found that the process of counting really does elucidate the plurality of those groups. Furthermore, the many different branches of mathematics are profoundly interconnected, to art, science and the rest of mathematics.

In short, mathematics is a language, and while we may be astounded that the universe is at all comprehensible, we should not be surprised that science is mathematical. Scientists need to be able to communicate their theories, and when we have a rule-governed understanding, the instructions that a student can follow draw out patterns or structures that the mathematician can then study. When you understand it properly, the purely mathematical is not a distant abstraction – it is as close as the sense that we make of the world: what is seen right there in front of us. In my view, maths is not abstract because it has to be, right from the word go. It actually begins with linguistic practice of the simplest and most sensible kind. We only pursue greater levels of abstraction because doing so is a necessary step in achieving the noble goals of modern mathematicians.

In particular, making our mathematical language more abstract means that our conclusions hold more generally, as when children realize that it makes no difference whether they are counting apples, pears or people. From generation to generation, people have found that numbers and other formal systems are deeply compelling: they can shape our imagination, and what is more, they can enable comprehension. The story of maths is fascinating in its own right, but in writing this book I hoped to do more than simply sketch a history of mathematical ideas. I am convinced that the history and philosophy of maths provide an invaluable perspective on human nature and the nature of facts, and I hope that my book conveys the subject’s cultural, aesthetic and philosophical relevance, as well as the compelling drama of mathematical discovery.
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