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Untold unspeakables

Fill all unspeakables;

In unspeakable eons

Explanation of the unspeakable cannot be finished.

lf untold buddha-lands are reduced to atoms,

In one atom are untold lands,

And as in one,

So in each.

The Flower Garland Sutra, translated by 
Thomas Cleary (1993)


INTRODUCTION

Big numbers, then. But how big? Where do small numbers run out and big numbers start? 

How about one? Might that be a big number? Certainly: One pinprick in a balloon, one winning lottery ticket, one tsunami, one planet Earth, . . . often the number one is hugely, incomparably bigger than the number before it, zero. Indeed, the chasm between zero and one is the most consequential of all, because the difference is not merely quantitative, as between any other pair of numbers, but qualitative. Just consider yourself. Whoever you are, whenever and wherever you are reading these words, you are a unique human being: There is exactly one of you. And that, you must agree, is a gigantic difference from zero. 

Can two be a big number? Absolutely. As a parent of twins, I can wholeheartedly attest that two babies is a lot. The jump from one to two is the difference between singular and plural, between ‘I’ and ‘we’. In Sanskrit, ancient Hebrew, and a few other languages, the plural kicks in at three, with a separate grammatical dual for two things. Not many modern languages have a dual; all the same, three can be a big number—just ask Frank Lentini, famed for being born three-legged.

I could go on. The Guinness Book of Records tells us that 9 is a lot of golf balls to balance on top of each other (by Don Athey of Ohio in 1998), that 1306 is a large number of legs for a single animal (the Australian millipede Eumillipes persephone), and that with over 16 billion YouTube views, ‘Baby Shark’ has been watched a great many times.

But if any number can be a big number depending on the context, then what is this story about? Principally this: Numbers which are big from the perspective of a human number-user.

Since we first started using numbers, they have been tools to describe our environment and experience. At the same time, numbers are not entities we can commune with directly. We get at them through intermediate systems, most obviously spoken language (four) and written notation (4). 

This story has two main threads:

First, in describing the human experience, how big are the numbers people need? Which numbers mark our world’s outer limits?

Second, what are the systems we use for describing or processing these numbers? What are the biggest values these systems can cope with, before breaking down? 

DESCRIBING THE WORLD:
FROM THE SAVANNA TO THE COSMOS

Our prehistoric ancestors employed numbers to help them understand their environments (even if only in fuzzy or relative ways), using them to assess the basic features of life: predators and prey, food supplies, friends and enemies. 

Today, we use numbers to help understand our own environment: a planet of over 8 billion people, with an annual global GDP of just under $100 trillion, annual internet traffic of over 1 zettabyte (1,000,000,000,000,000,000,000 bytes), annual carbon dioxide emissions of over 30 billion tons, annual corn production of over 1.2 billion tons, and so on.

Our astronomers analyse the cosmos on still grander scales. The universe, it turns out, is a much bigger place than we had thought. We can date this discovery to 1912, when Henrietta Swan Leavitt invented a method for judging distances far longer than anyone else had managed before. Her method exploited stars called Cepheid variables, whose brightness pulsates up and down on a regular schedule of days or weeks. After investigating thousands of such stars, Leavitt made the critical observation that their rate of pulsating is tied to their brightness: Bigger and brighter Cepheids pulsate more slowly than smaller and dimmer ones. To a human observer, a star’s brightness of course also depends on its distance from Earth. These two facts provided a new method for judging distance: Does a star appear faint because it is small and dim, or because it is far away? If the star happens to be a slow-pulsating Cepheid, then the answer must be the latter, and Leavitt used this insight to gauge distances to many Cepheids in the night sky, including the first intergalactic measurements ever made, to stars in the Small Magellanic Cloud: a grouping which is not part of the Milky Way but comprises a small neighbouring satellite galaxy. Leavitt’s discovery saw her nominated for the Nobel Prize in physics, but sadly she died in 1921 before the nomination could be considered. 

Her death at the age of fifty-three robbed her of the glory she deserved but also of the chance to see the most spectacular application of her discovery. In 1925 Edwin Hubble turned the Hooker telescope in California—the most powerful in the world—on a strange cloudy patch of the night sky whose nature had long been debated: the Andromeda nebula. Within it, Hubble spotted the unmistakable signature of Cepheids. They appeared exceptionally small and dim but were also pulsating slowly, indicating that in reality these were large, bright stars, colossally far away—hugely further than any other known astronomical object. This moment, the discovery of the Andromeda galaxy, was perhaps the instant when humanity’s eyes were opened to our place in the cosmos. Today we put Andromeda at around 2.5 million light years away, or around 15 × 1018 miles (that’s 15 followed by eighteen zeroes, or 15 quintillion), and we now know that the Milky Way, Andromeda, and their satellites all comprise just one small neighbourhood in a universe that may contain a trillion (1012) galaxies. 

Constants and Thresholds 

Numbers play many roles in science; counting things is not the most important. Some numbers are written into the fabric of our universe. The speed of light is one. At 299,792,458 metres per second, it never varies. Whenever and wherever light passes through empty space, this is its speed—regardless, according to the theory of special relativity, of the motion of the person measuring it. The value 299,792,458 is perfectly exact: In 2019 the metre was redefined to make it so. 

Another such value is the universal gravitational constant. At roughly 0.00000000006674 or 6.674 × 10−11, this captures the strength of gravity in our universe, defined as the force two one-kilogram masses exert on each other across a distance of one metre. Far from huge, this is an imperceptibly tiny number, below the nanoscale (10−9).

Such small numbers are part of this story too, because the minuscule and the huge are two sides of the same coin: We cannot understand millionths without first understanding millions. Which kind of extreme number arises depends on how we phrase our questions: We could ask the weight of proton (and get a tiny answer around 2 × 10−24 grams) or ask how many protons it takes to make a gram (and get a huge answer of precisely 6.02214076 ×1023, an exact value known as Avogadro’s number). In either case, the crucial thing is that we have a number system capable of expressing values of this extremity. Similarly, even run-of-the-mill numbers, not themselves monstrous or minuscule, implicitly invoke enormous numbers whenever a high level of precision is required. Computing anything to six decimal places automatically means working with millionths, and so with millions.

The speed of light and the universal gravitational constant are fundamental physical constants. They are always in play, everywhere across the cosmos. Other important numbers are thresholds. While constants are constant, thresholds represent change. They don’t seem to be in play at all, until suddenly they enter the picture and alter everything. Also known as tipping points or phase-changes, these represent cusps between different states, places where one set of rules ceases to apply and another begins. 

Turning Up the Heat 

Take temperature. Zero degrees Celsius (or 273 Kelvin*) is an important threshold for life on Earth—the point where water freezes, or ice melts†. More intriguing thresholds sit further away from humanity’s zones of familiarity, cusps that we may not be aware of, whose far sides we might never have seen.

At school we learn that matter is composed of atoms: nuclei comprising protons and neutrons orbited by electrons. Atoms then combine into molecules, which make up all the gases, liquids, and solids we see around us. But much of the matter in the universe is not of this form: It exists inside stars as plasma, at temperatures of thousands of degrees. In such conditions, nuclei and electrons are fizzing with too much energy to bind together into atoms; instead, they whizz around separately. If you melt ice into liquid water and then boil it into steam, you must heat it to around 10,000 Kelvin before it enters its fourth state, plasma. The only time our ancestors saw plasma on Earth was when lightning struck, but our zone of familiarity has expanded. Today arc welders can produce plasma of over 5000 Kelvin on demand, comparable to the temperature at the surface of the sun.

The centre of the sun is another matter, thousands of times hotter at around 15 million Kelvin. Under these conditions, individual hydrogen nuclei are not stable but fuse together to create helium. Such nuclear fusion is a natural process inside stars but only took place for the first time on Earth in 1951, as part of Operation Greenhouse developing H-bombs. Today’s weapons can produce temperatures over 100 million degrees, ten times hotter even than the sun’s core. We are desperate to harness the same process of nuclear fusion for peaceful and clean energy production.

Further out still is the Hagedorn temperature. At 1.7 trillion degrees Kelvin (1.7 × 1012 K), millions of times hotter than the centre of the sun, this is the point where neutrons and protons themselves burst apart. Their constituent quarks are freed, forming a completely new and alien type of matter, quark-gluon plasma, or more informally quark soup. On 13 August 2012, a team at the CERN Large Hadron Collider served up quark soup at a temperature of over 5 trillion Kelvin (5 × 1012 K), the highest temperature ever created. 

How hot can we go? Our standard physical theories make sense up to around 1032 Kelvin—far out of range of any known physical phenomenon. At this point, the wavelength of thermal radiation would theoretically hit the Planck length (around 2 × 10−35 metres). What happens as temperature approaches this threshold is a mystery—it is perfectly likely that some asyet-unseen process will intervene long before this temperature is reached. Or perhaps it really is an absolute upper bound on possible temperatures, just as 0 Kelvin is an uncrossable lower bound. All we can be sure of is that in conditions this extreme, matter will behave in ways which are unrecognisable to dwellers of temperate planets such as us. 

The Biggest and Smallest 

Some of the toughest questions in physics today arise from pushing numbers as far as they can go. Take the dimensions of space and time: What does reality look like on the biggest and smallest scales, and what are the obstructions to fully understanding these pictures?

The observable universe clocks in around 93 giga–light years wide. (That’s just under 100 billion light years or 1027 metres.) On this level, the cosmological principle holds that every region of the universe should look more or less the same as every other; yet this principle is challenged by glimpses of disruptively huge astronomical structures looming in distant space. One such is the Hercules–Corona Borealis Great Wall, an assemblage of galaxies which seems to span over 10 per cent of the diameter of the observable universe, and which—if so—should not exist, according to our current standard theories of cosmology.

At the opposite extreme, quantum mechanics describes matter on the scale of individual particles, such as the proton with a diameter of around a femtometre (or 10−15 metres). A crucial role is played by the far tinier Planck constant, exactly 6.62607015 × 10−34, which acts as a cutoff for any possible experimental observation. What we can say about physics on Planck and sub-Planck scales is perhaps the fiercest debate in modern physics, with advocates of string theory taking on those of loop quantum gravity and others, regarding putative unobservable structures on the scale of 10−35 metres or below, as small relative to a proton as you are to the Milky Way.

Turning to time, CERN and other massive-scale experiments seek to understand the birth of the universe, 13.8 billion years ago. In the first hundredth of a quectosecond (10−32 seconds) after the big bang, the laws of physics were unrecognisable from today, conditions even more extreme than quark soup. Understanding the laws that governed these fleeting moments is essential to understanding the universe’s subsequent evolution.

What of the future? We live in the Age of Stars, but in a hundred trillion years’ time these temporary lights will go out. Familiar structures such as galaxies and clusters will crumble. On long enough timescales, even black holes are hypothesised to evaporate, though this could take a googol (10100) years or more. On timescales far beyond even this, the eventual fate of the universe hinges on subtle questions about the nature of space, time, and matter and generates some of the biggest numbers in the whole of physics.

These are some of science’s toughest puzzles, but notice one aspect which is not difficult: discussion of the numbers involved. The worlds of subatomic particles and galactic superclusters are wholly alien to life on the human scale. Nevertheless, we have constructed numerical systems which can not only cope with such quantities but do so with ease. The notational system I have been using is just one step beyond the place-value notation we learn at primary school: units, tens, hundreds, and so on. With this slightly expanded system, I can throw around numbers like 8 × 1036 kg (the mass of Sagittarius A*, the supermassive black hole at the centre of our galaxy) and be understood by any reader who knows that the little 36 represents a string of zeroes. Likewise, we can discuss the mass of a proton at 2 × 10−27 kg and know that this means 0.000000000000000000000000002, where there are twenty-seven zeroes in total. It is certainly challenging to develop any intuition for such extreme numbers; at the same time, it is remarkably simple to write and read them. 

So, what are these numerical systems which allow us to almost effortlessly discuss both intergalactic and subatomic quantities? And how big are the numbers they can cope with, before hitting their limits? 

THREE TYPES OF NUMERICAL TECHNOLOGY 

Whenever we use numbers—which is to say all the time—we are engaging with some kind of numerical system. There are three kinds we use constantly:

A child counting apples out loud is exploiting a linguistic system. In doing so she is not relying on instinct but applying skills she has practiced and learned, using a human invention of surprising sophistication. Not all human languages are capable of this task, because—perhaps surprisingly—not all human societies find this kind of task useful. 

A waitress totting up a bill is using a notational system: the digits 0 through 9 combined in the familiar ways to describe numbers large and small. Because it is such an everyday occurrence, we may overlook this system’s marvellous economy and refinement. Many civilisations—including those of ancient Greece and Rome—rose and fell without discovering as efficient a system as our Hindu–Arabic numerals.

An office worker entering data into a spreadsheet is engaging with a computational system. Increasingly, our dealings with numbers are mediated by external devices. But the history of this technology dates back millennia to the invention (perhaps several times over in multiple countries) of the abacus.

To be clear, these are not three systems, but rather three types of system. None is unique. The office worker may be using Microsoft Excel, Google Sheets, OpenOffice, or something else, each with its own rules. Children learn to count in many languages, each again with its own intricacies and customs. In Japanese, for instance, the right words may depend on what you are counting: hitotsu, futatsu, mittsu, . . . is appropriate for certain things (small physical objects or abstract ideas), while ichi, ni, san, . . . is suitable for others. 

Japanese children—in common with many others—also learn two notational systems: the Hindu–Arabic system 1, 2, 3, 4, . . . used around the world, and a traditional local system of kanji: 一、二、三、四 , . . . .These do not map straightforwardly to the two spoken systems: Either can be used for either. The kanji system is perhaps closer to writing number words in English: ‘one’, ‘two’, ‘three’, ‘four’, . . . 

These three types of system are of course interlinked: Someone tapping numbers into a spreadsheet is using a notational system as well as a computational one, and if they start reading their data out loud to a colleague, they are also using a linguistic system.

Yet it’s convenient to take the three separately, and they can exist without each other. Certainly, in today’s world there is no shortage of numbers churning through purely internal computational processes, with minimal human involvement. Meanwhile, there are speakers of unwritten languages with no alphabets or numerical notation who nevertheless have linguistic number systems extending to a million or beyond. 

System Limits and Work-Arounds 

Every system has limits. To handle numbers beyond these limitations—when this is necessary—systems are refined, reinforced, or perhaps replaced.

Sometimes there are clear cutoffs: In Japanese the hitotsu-futatsu counting system only reaches as far as toh, meaning ten. A Japanese child confronted with an eleventh apple will have no option but to switch to the ichi-ni-san system and continue with juu-ichi (meaning ten-and-one). Modern Japanese people thus have a second system to fall back on. Many unwritten languages do not, and if someone needs to count beyond the limit of their language’s numeral system they will have to invent or import a method to do so.

Likewise, Microsoft Excel, Google Sheets, and much other commercial software has a hard limit slightly under 10309. Any number past that point returns an error message. These are the kinds of big numbers this story is about: cutoffs where a system, which previously worked perfectly smoothly, ceases to function. 

However, not every system has such a sudden endpoint. Some get gradually bogged down. Our usual place-value notation is of this kind: There is no clear cutoff to the size number it can cope with. Yet we have already met several numbers where the system struggles and requires extension. In the previous paragraph I wrote the number 10309, using just five symbols (or six if you count the switch to superscript). In standard place-value notation, the same number looks like this: 

1000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000 

In a technical sense the ordinary place-value system is still functioning here, but as a piece of human communication—me trying to say something to you—this is wholly unsatisfactory. This problem—a single symbol repeated too many times to be comprehensible—will pursue us throughout this story as our main adversary, like a horror film’s inexhaustible monster. 

Spoken number systems suffer a similar fate. As it happens, this particular value does have a fairly concise ‘official’ English name: ‘one million centillion’. But the term centillion (10303) is a rather recent invention and not widely known. Beyond, say, a quadrillion (1015), these ‘illion’ names carry more novelty value than practical. It is easier to write 10309 and say, ‘ten to the power of 309’. In doing so I am exploiting a powerful modification of the standard system we use for writing numbers and then allowing my spoken communication to follow its lead. This shows how written and spoken systems affect each other: Initially a written system may notate a spoken language. Later the spoken system may work by enunciating a powerful written notation.

Why do numerical systems which previously worked well need to be extended or replaced? The principal answer is this: changes in the circumstances of the people using them. Where people move from hunter-gatherer lifestyles to a more agricultural mode of living, this tends to be accompanied by an extension in their numerical language. Historically, the biggest change was the dawn of cities, an upheaval in human lifestyle which spurred the development of many of the mainstays of modern culture, including money and written language. Wherever there is money, there are accountants writing down big numbers. Science has bigger demands still, and as humans have gradually expanded their horizons, their numerical systems have followed. 

There are other answers too, of special resonance in this story: Occasionally numerical systems are hyper-extended just for fun, for the intellectual challenge of pushing things further than anyone has before, or out of a mystical attraction to immensity. So it was that Archimedes posed himself the question of how many grains of sand it would take to fill the universe, while the ancient Maya contemplated timescales on the scale of billions of years and beyond. The story of huge numbers contains many episodes of people reasoning with far bigger values than their lifestyle or environment appear to require. Nowhere is this truer than in India, where a fascination with gargantuan numbers went hand in hand with the development of the Hindu–Arabic numeral system we use today. 

COGNITIVE SYSTEMS 

Book-ending all numerical activity are systems of two more fundamental kinds, in play whenever a human is engaging with numbers. The first are cognitive systems: the innate mental tools we use to handle all quantitative information. At the opposite end are arithmetical systems: the rules governing numbers themselves.

There are many ways to count, many spoken languages or written scripts to choose from, along with gestural systems such as sign languages. The biggest number ever counted to by a human is one million by Jeremy Harper of Alabama in 2007, taking him eighty-nine days. No one else has replicated this feat, but it is remarkable for its stamina and dedication, rather than any technical difficulty. If we had to, if our lives depended on it, most of us would feel we could repeat this achievement even if we would find the ordeal tortuous. That’s because counting is an ability we take for granted. But in doing so we overlook its sophistication: Counting is a far more advanced intellectual process than we give it credit for, as evidenced by the fact that—with the possible exceptions of a handful of painstakingly trained nonhumans we shall meet in Chapter 1—the only creatures who can do it are mature humans. Even for us, though, counting is an acquired skill, not an innate one: People can only do it if they have learned how. 

Numbers Without Counting 

What are humans’ innate numerical abilities? What of people who have never learned how to wield the appropriate systems? Homesigners are one such group: people born deaf and who, due to deprivation, received no education in reading, numeracy, nor any standard sign language. To communicate with friends and family, they have no choice but to devise their own personal sign languages—homesign. Since this language is invented on the fly, it contains exactly the terminology the homesigner needs, and not a single word more. 

In 2009 Elizabet Spaepen and team performed some fascinating investigations into the numerical abilities of a group of Nicaraguan homesigners. These volunteers had achieved a remarkable level of independence and normality in their lives; they had jobs and social lives, and made financial decisions. They generally indicated numbers by raising fingers; yet the researchers realised they often did so inaccurately. This was tested by showing them a card marked with, say, seven circles, and asking them to gesture how many objects were shown.

They had unlimited time to inspect the card and come up with their answer. They successfully raised the correct number of fingers when the answer was five or less. But beyond that they made mistakes; past ten their answers were mostly incorrect.

Their results were compared to those of two other groups of Nicaraguan adults: one group with healthy hearing and speech but who had received no formal education and could not read or write, and a second group who were deaf but had been formally educated, including in Nicaraguan sign language. Both performed near-perfectly on the task. The difficulties the homesigners encountered were not due either to deafness or to lack of education as such but specifically to their limited numerical vocabulary.

This is the first example of a human numerical system hitting its limit. Up to around five we can handle numbers with no special training or tools, but beyond this we need appropriate cognitive technology, which is to say some method of counting. 

Fuzzy Numbers 

Yet all of this is only true when treating numbers as exact quantities. While the homesigners made errors, they were not hopeless at the task. When the target value was ten, they gestured between nine and eleven. When aiming for nineteen, their answers mostly fell between fifteen and twenty-two. What the homesigners were doing, and doing pretty well, was estimating. 

This finding was reinforced when the same experiment was run under time pressure, with cards shown to the volunteers for only one or two seconds. This forced all the participants to rely on estimation rather than counting, and it acted as a leveller. All three groups returned imprecise answers, but all three were competent at estimating.

These imaginative experiments reveal the two underlying cognitive systems bequeathed to us by evolution, on which all higher numerical technology is built. Up to a limit of around five, numbers can be recognised exactly without counting. Past this point, this system rapidly fails. But as the home-signers show, we still have an innate fuzzy number system capable of gauging larger quantities, but only approximately. 

Progression of Powers 

Our cognitive, linguistic, and notational systems are not separate; each can be thought of as an expansion and strengthening of the last. Language emerged as a means of transferring information from one person to another, but it also gives us tools which sharpen our individual cognitive abilities. We use language when silently thinking, not only when communicating with others. This is true for numbers, as well as other modes of thought.

Likewise, a notational system may begin simply but evolve into a tool enabling us to write down numbers we may not know names for. Perhaps, subsequently, names such as ‘googol’ (10100) or ‘centillion’ (10303) are invented as spoken language plays catch-up with written notation. But on this scale, it’s better simply to enunciate the written notation, by saying ‘ten to the power of a hundred’. 

This order—from cognitive, to linguistic, to notational, to computational systems—is a natural one. It represents the order in which the systems appeared in human history, the order an individual child meets them, and also, at least roughly, the order by size of the numbers such systems can handle. Language gives us the ability to name numbers we could otherwise only gesture at fuzzily; notation enables us to write down numbers too big to have names, and computers allow us to calculate quickly and accurately with numbers it would take too long to write down by hand.

Within each of these types of system there is another progression, one of mathematical power. It begins with succession (the process of moving from one number to the next) through additive, multiplicative, and then exponential technology. These ideas can all be found in the spoken English number system. From ‘three’ to ‘four’ is nothing more than succession; there is no discernible system yet, beyond learning the name of each number in turn. This changes beyond the number ten. ‘Thirteen’, for example, is additive technology, deriving from ‘three and ten’ (usually our addition works in the reverse order, with the tens listed before the units, as in ‘seventy-three’). At twenty multiplicative technology kicks in, with ‘thirty’ short for ‘three tens’. 

It is only with much bigger numbers that the final plank, exponential technology, becomes visible. Exponentiation means repeated multiplication, and our system is based on powers of ten, with special roles played by values such as 1000 = 103. This is 10 × 10 × 10, with the superscript 3 representing the number of zeroes, or equally the number of tens multiplied together. 

Explicit exponential language arrives in the form of Latin prefixes such as bi-, tri-, quadri- meaning 2, 3, 4, which describe powers of thousands. A billion is 10001+2, a trillion is 10001+3, a quadrillion is 10001+4. (The recurring ‘1+’ is an annoyance; things would be neater if these numbers were defined as 10002, 10003, 10004, and so on. But a million, originally meaning ‘big thousand’, acquired squatters’ rights on 10002, which forced all the subsequent ‘illions’ to shift up by one. Like every language, English has its vagaries.)

With bigger numbers still, we can ditch the ‘illion’ words and simply speak in the language of pure exponentiation: ‘ten to the power of three hundred and nine’. 

Can we build technology which goes beyond exponentiation? A googol is 10100 in exponential notation, but a googolplex is 1 followed by a googol zeroes, or 10googol, and is the holder of the Guinness World Record for ‘largest finite number with a widely accepted name’. A googolplex is too big to write in conventional place-value notation—its googol zeroes outnumber atoms in the observable universe. In exponential notation, it can be written, but is not satisfactory:

10100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000 

To write this number properly requires a further expansion of the notational system, to a tower of powers*: 1010100. This is the first step in a journey very few people need to take; there is little in science requiring numbers on this scale. Yet there are communities of specialists and enthusiasts who work with numbers vastly bigger than this. They arise not from answering questions about the physical world but from investigations into the nature of numbers themselves. 

ARITHMETICAL SYSTEMS 

The second fundamental type of system is that of numbers, on their own abstract terms: arithmetical systems. Just as scientific theories from evolution to quantum mechanics are intellectual constructs attempting to describe aspects of the physical world, so our linguistic and notational systems strive to describe arithmetic. In both cases, they can only ever do so partially.

Again, there is not one arithmetical system but many, depending firstly on which numbers are incorporated. Is zero included? What about negative numbers? Are we limiting ourselves to whole numbers, or also fractions and others, including irrational numbers like π, in between? Then there are more exotic options, complex numbers including square roots of negative numbers, or systems containing infinite or infinitesimal numbers. Beyond this, there are choices to be made about which mathematical procedures are included: Are we limited to conventional arithmetic of addition, multiplication, and so on, or are we also selecting from the large assortment of more rarefied options?

For most of the story, I will stick to the modern standard option: the ordinary whole numbers starting with zero: 0, 1, 2, 3, 4, . . . equipped with just addition, subtraction, multiplication, and division. Anytime I need to venture outside this, for instance to discuss tiny numbers close to zero, I’ll do so without fuss, but this system, that of the ‘natural numbers’ or simply ‘arithmetic’, will remain the centrepiece of our story. 

But What About Infinity? 

The natural numbers may seem a disappointingly conservative choice. After all, this is something we have all studied since primary school. And if I am interested in big numbers, surely we should embrace any infinite quantities which are on offer? Well, infinity is certainly present in this story. The very reason that we can keep seeking out ever bigger numbers is precisely that there is no biggest—they go on forever. But this is a property of the arithmetical system as a whole; infinity does not exist within it.

But surely infinity is the biggest number of all? The answer to that question depends on the game we are playing. Let’s liken it to chess: In certain variants there is an extra piece called an empress with the superpower to move like a castle or a knight. Is an empress a valid piece? It all depends on the rules you have signed up for. In Capablanca chess, empresses are a full and fair part of the game. But if you’re in the middle of a game of ordinary chess and you pull an empress out of your pocket and send her whizzing around the board, of course you’re cheating.

Capablanca chess may well be an excellent game. But it is a fundamentally different game from the standard version. So it is with infinite numbers. Systems that include them are strange and intriguing worlds, which this story will touch on briefly; I certainly have no anti-infinity agenda. But such systems are radically different from the conventional system of natural numbers. This venerable arithmetical structure, and the colossal—though still finite—objects it contains, is the main character of this story. 

Not as Easy as A, B, C 

The seeming simplicity of arithmetic is one of life’s great illusions. This is a system whose hidden depths have bewildered thinkers for thousands of years and will surely continue to do so for thousands more. What we would ideally like is a catalogue of the laws these numbers obey—all the true statements one can make about this system. These include the fact that 7 + 0 = 7, that every number from 2 onwards (e.g. 6) can be expressed as some primes multiplied together (2 × 3), and a wealth of other truths from the trivial to the profound, from 1 + 1 = 2 to Fermat’s last theorem and beyond.

Understanding numbers, in this sense, amounts to more or less the same thing as understanding big numbers. For one thing, almost all the numbers in the system are big. How big? As big as you like. Pick any threshold value: However gigantic it may be, the numbers beyond that limit entirely outnumber those below. Small numbers are the exceptions; big numbers are the rule. On top of this, for small values one can simply check things directly: If we want to know whether 18 can be expressed as some primes multiplied together, a bit of experimentation quickly reveals 2 × 3 × 3 as an answer. The deeper question is whether somewhere far out in the ocean of big numbers, there may exist some number which defies any such breakdown: a counterexample.

There are twin strategies to answering questions about laws of arithmetic. Firstly, you can try to prove it by formulating an argument which applies to all numbers regardless of size. Oppositely, you can try searching for a counterexample. Over the twentieth century, these two approaches led mathematicians to think about numbers vastly beyond anything ever contemplated previously.

Primes have long been a focus, at least since Euclid proved that yes indeed, every number can be broken down into primes. At the beginning primes come thick and fast: 2, 3, 5, 7—but remember this is the exceptional zone. Once we get into bigger numbers, many people have thought long and hard about how common primes are among the other numbers.

Since 1896 we have known the answer, roughly speaking. We have a good method for estimating the quantity of prime numbers up to any given limit. For instance, up to 20 there are eight: 2, 3, 5, 7, 11, 13, 17, 19. The method of estimation is not exact but gives a good approximation. But on every actual limit it has been tested, it has always turned out to be a slight overestimate; for instance, it predicts ten primes up to 20. In 1955 Stanley Skewes proved that this method would eventually flip and become a slight underestimate. But how far would we need to go until that happens? Skewes established that it will happen at some point below 101010964, a value which for years was the largest number ever put to any kind of practical use, far bigger than anything arising in physics.

This record has now been broken many times over—indeed Skewes’s number appears quaint in comparison to more recent record holders, which lie in numerical territory far beyond anything expressible by a small tower of powers and require the extensive expansion of our notational systems. The first step is to construct towers 1010...10, whose height is itself a gigantic number (perhaps a googolplex for starters).

The very largest of these beasts originate in this story’s final types of numerical system: logical systems. 

LOGICAL SYSTEMS 

It is not difficult to start listing facts about numbers: An odd number plus an odd number is always even, any number multiplied by one equals itself, and so on. But is there some organising principle within such a list, some broader way of making sense of the whole arithmetic system at once? Logical deduction is one such approach. If we already know that any number plus zero equals itself, then the fact that 7 + 0 = 7 is not new information; it follows from what we already knew.

In the nineteenth century, a new breed of mathematical logician began digging down instead of building up. These thinkers hoped to discover a list of fundamental arithmetical rules, the essential laws from which all others would follow. A compelling attempt was penned by Giuseppe Peano in 1889.

Peano’s rulebook does not read like an intellectual milestone—more like a list of banalities. It is built on succession, the simplest arithmetical process which carries one whole number to the next: from 0 to 1 to 2 to 3. Peano’s rules include the following: If two numbers have the same successor, then they must have been the same number to begin with; no number has zero as its successor; and so on. These are not enlightening observations individually, but that is not their point. Rather Peano’s hope was that they would collectively provide a platform solid enough to support all higher arithmetical truths. 

As it turned out, this was not to be, either for Peano’s rulebook, or—startlingly—for any conceivable expansion or replacement. Peano’s still remains the industry standard: a remarkably robust system which can indeed generate almost all known facts about arithmetic. But only almost: Over the twentieth century gaps were found, unexpected numerical truths which do not follow from Peano’s rulebook. What is more, the gaps can never be completely plugged: However meticulously you try to draft some extended rule-book, it is guaranteed also to leave gaps.

This definitively established something mathematicians had long feared. Arithmetic is not merely more complicated than it initially looks. It is profoundly, even insurmountably complex at the deepest level. No human system will ever capture it fully. Just as every notational and linguistic system for numbers has its limits, so, it turned out (disappointingly to many twentieth-century thinkers), does every logical system.

What do these gaps look like, these so-called unprovable theorems? Many take the form of patterns, lurking unnoticed in regions of the numerical realm so utterly remote from human experience that they had never previously been visited. These are expanses of numbers so vast that they cannot be approached without multiple rounds of extension to our most powerful notational systems.

Our linguistic and notational systems are powered by mathematical processes that begin with succession and continue with addition, multiplication, exponentiation, before (on rare occasions) extending to small towers of powers. This is enough for almost every purpose humans have ever needed. But to logicians, the journey has barely begun. To access the domains of numbers they are interested in, one needs to travel a considerable distance further along this path, creating new notational conventions along the way.

It has turned out that this work is not only of mathematical interest. There is a deep connection between what mathematicians call a proof and what other people call a computer programme. Shining a torch into the crevices between logical proofs, and understanding the behemoths lurking there, also illuminates the theoretical possibilities and limitations of our computational numerical systems.

This, then, is the story of huge numbers: big numbers not for their own sake, but as signposts marking the outer limits of our intellectual systems, and as frontiers where familiar rules cease to apply, beyond which previously unseen vistas open. 

 

* The Kelvin scale is the Celsius scale shifted downwards to absolute zero. So 0 Kelvin is −273.15°C, and a rise of 1 Kelvin is equal to a rise of 1 Celsius.

† A more scientific figure, less dependent on local conditions on Earth, is the triple point of water at a temperature of 0.01°C and pressure of 0.006 atmospheres, the only point where water’s solid, liquid, and vaporous states can all coexist.

* There is a technicality here: 1010100 must be interpreted as 10(10100), not as the much smaller (1010)100.
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