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INTRODUCTION

Mathematics without the boring bits? Surely that must be a joke? Everyone knows there is no more unwelcoming and technically forbidding subject than mathematics, couched as it is in its own language of incomprehensible diagrams, arcane symbols and obscure jargon.

Alas, that view is all too common, reinforced for many people by painful recollections of tedious homework, or bruising encounters with tough exams. Beyond chores such as adding up bills, or calculating times and dates, most people are happy to leave mathematics to the experts. Sure, it’s great that computer programmers, engineers and physicists find it useful for what they do; as long as they don’t bother us with the details, we can happily enjoy the fruits of their labours.

The stereotype also attaches itself to the practitioners of mathematics, long perceived as brains on stalks, somehow devoid of normal human attributes. Certainly, you’d want one of them in your pub quiz team. But would you want their conversation at the bar afterwards, or – heaven forbid – at your dinner party? So it’s time to slay some ghosts and kill some prejudices. Let’s admit that any field of human endeavour worth investigating eventually gets to a level of technicality that becomes challenging, and it’s fair to say that many people hit that ceiling earlier in mathematics before they do in other, perhaps more verbal, subjects. But before that level is reached, there is a whole accessible world of mathematics that can astonish with its diversity, captivate with its mystery, and enthral with its beauty.

So vast is today’s mathematics that it encompasses almost any description – and its opposite – that one might care to try. For a start, mathematics is both ancient and modern, built by traditional methods over many centuries, and yet its face always set firmly to the future. In the ‘cradle of civilization’ of the Middle East, Babylonian mathematicians were developing sophisticated systems for counting. Later, Greek thinkers such as Plato and Euclid made stunning discoveries in geometry and number theory. From this grand lineage has sprung an irrepressible modernity, for mathematics also lies at the heart of the latest human advances in science and technology, from computer-code to comprehending the cosmos. Mathematics covers the microscopically small, the infinitely large, and everything between. It is vital to those who spend their lives investigating the tiniest sub-atomic particles, and it fuels the latest hypotheses about a still-expanding universe. Mathematics is the discovery of what exists, but it is also creation anew. It provides the principles to describe and measure the natural world. Yet it is also an extraordinary collective act of creativity, spanning thousands of years. To put it another way, mathematicians must be as rigorous and analytical as they are passionate and imaginative. They love nothing more than the rock-solid certainty of a proof, but are unafraid to contemplate the most outrageous ‘What if?’

Mathematics is as much about the unknown as it is the known. The old, enduring mysteries continue to fascinate and beguile. And while a proven theorem brings the immense satisfaction of a conundrum finally conquered and understood, at the same time each new discovery prompts ten new questions, as our collective understanding probes ever greater depths.

Today, the Clay Institute is offering lucrative prizes to the solvers of several outstanding questions, each of which could have profound implications for our lives. If one puzzle, the succinctly named ‘P = NP?’, should be resolved, then the security of the world’s computer networks may lie in tatters. Mathematics matters.

Mathematics is impeccably logical – until it hits a paradox. On the one hand, it seems to revel in tidy conclusions, a jigsaw-puzzle world in which every piece slots into place. If a + b = 5, and we know a = 2, then we confidently state that b is 3. But it also confounds expectations. Once you have reached infinity, can you count any further? Common sense says ‘no’, but in 19th-century Germany, Georg Cantor dared to say ‘yes’. Mathematics demands proof, and it was Cantor, and not common-sense, who prevailed.

Mathematics can be wild and unruly, but also serene and delicate. Chaos theory predicts that tiny differences in circumstance can produce dramatically differing outcomes. But mathematical principles also underlie aesthetics, whether that means symmetry, proportion or regularity, and whether we are talking about a handsome face, a pretty wallpaper pattern, or a fugue by J.S. Bach. For mathematical connoisseurs, a concise formula (such as that of the circle) is itself suffused with a minimalistic elegance, providing a satisfying answer to a natural question.

One could go on. But perhaps the mathematics should now speak for itself. This book – a guide to 35 landmarks of the mathematical world – is for the mathematical sightseer. I hope you will venture out and see the sights, learn a little, be surprised – and perhaps occasionally amazed. Above all, enjoy the journey. Bon voyage.


CHAPTER 1

How to solve every equation there has ever been


	Counting and natural numbers

	Negative numbers and trade

	Rational and irrational numbers

	Real and imaginary numbers

	Complex numbers and the fundamental theorem of algebra



Since the first hunters counted their haul at the end of the day, humans have employed numbers as vital tools for understanding the world. In the intervening years, just as human civilization has developed beyond recognition so the same is true of our numbers. Today’s numbers are flashy, modern constructions, whose development coincided with critical moments of history. At each stage, the notion of numbers had to be expanded to include controversial new entities.

What are numbers good for?

The first thing numbers are used for is counting: three trees, two children, 100 enemy warriors. As soon as we have this idea, we can use numbers to solve problems. For example, suppose my family of four each need two jugs of water to drink each day, and I need another three jugs to water my vegetable garden. How many jugs do I need altogether? In numerical terms, the problem is (4 × 2) + 3 = ?

Today’s mathematicians prefer to use letters such as x and y to represent unknown numbers. So the problem would be rewritten as (4 × 2) + 3 = x.

This is an equation. To solve it, all we have to do is perform the calculations, to get the solution: x = 11. But not all equations are so easy to solve.

Rational numbers: divide and conquer

Suppose I have two children but my day’s hunting has produced just one rabbit. How can I share the food between them? There is no way to do it, with each child getting a whole number of rabbits. Such questions heralded the introduction of a new type of number, known to most people as a fraction; [image: Images] is just another way of writing 1 ÷ 2. Mathematicians prefer to call fractions rational numbers. (This comes from the fact that they are ratios of whole numbers; it is nothing to do with being sensible.)

Negative numbers and the dawn of trade

Critical to the development of human society was the beginning of trade, which allowed people to specialize in a particular line of work. One person could hunt for meat, another grow vegetables, and a third make shoes. Then they could trade to ensure that everyone had meat, vegetables and shoes.

A day’s trade can end in profit, in loss or break even. To measure profit and loss on a single scale, early mathematicians came up with a new number system today called the integers. The system of integers combines the positive whole numbers with new negative numbers: −1, −2, −3, −4, −5, −6, …

From the perspective of solving equations, this new system has a great advantage. Any equation that involves only addition and subtraction can now be solved. For example, before the dawn of negative numbers, the equation x + 4 = 3 would have been considered meaningless. Interpreted in terms of trade, however, it makes perfect sense. If I end the day three apples in credit having earnt four, then in the morning I must have been in debt by one apple. So the solution is x = −1.

Minus and minus makes plus

Once we have got negative numbers, we need to know how to manipulate them with the usual rules: addition, subtraction, multiplication and division. Addition is fairly easy: (−3) + (−5) = (−8). Going the other way, (−3) –(−5) = 2. The best way to see this is by using an infinite number line: adding negative numbers involves moving left, as does subtracting positive numbers. Adding positive numbers means moving right, as does subtracting negative numbers.

The trickiest aspect is multiplication. The key rule is this: when you multiply two positive numbers, you get a positive answer. One negative and one positive number produce a negative answer. Most confusingly, two negative numbers give a positive result.

Why should this be? Suppose I make 2 units of profit every day. In three days’ time I will be 6 units up on today (2 × 3 = 6). Three days ago, however (that is to say, in –3 days’ time), I was 6 units down on today (2 × (−3) = (−6)).

Now, what if I lose 2 units every day? Then in three days’ time I will be 6 units down on today (that is, (−2) × 3 = (−6)). Three days ago, however, I was 6 units up on today ((−2) × (−3) = 6).

The limits of rationality

The system of rational numbers (positive, negative and zero) can describe many aspects of the world. Mathematically it works well too, as we can add, subtract, multiply and divide within this system, never running out of numbers. Perhaps this system represents all we will ever need? As it turned out, the history of numbers had much further to run.

Unfortunately, the rational numbers are inadequate for even the most elementary geometry. If we start with a square, 1 cm by 1 cm, what is the length of its diagonal? Call this number c. According to Pythagoras’ theorem, it must satisfy 1 + 1 = c × c (see How to become a celebrity mathematician). In other words, we need to solve the equation c2 = 2. The technical term is the square root of 2, written [image: Images]. What is this number?

An approximate answer is [image: Images]. However, the disconcerting truth is that there is no fraction that satisfies this requirement exactly. In modern terms [image: Images] is what is known as an irrational number, meaning that it can never be expressed exactly as a fraction. Another famous example is π.

The ghosts between numbers

Elementary geometry shows that the rational numbers are inadequate for a great deal of mathematics. If we arrange the rational numbers in a long line, there are holes in between them. This is not obvious at first sight, because rational numbers can be very close together, indeed as close together as you like. Nevertheless, there is a hole at [image: Images] and there is another at π. Unexpectedly, there are not just one or two holes; the whole line is riddled with them. This is where the irrational numbers live, and most are far less easy to describe than [image: Images] or π.

Although the existence of irrational numbers had been known for thousands of years, it was not until the 19th century that the right way was found to expand the rational numbers to a larger system, filling in the gaps. This is called the system of real numbers. It is a flashy, powerful, modern framework. But the evolution of numbers had still not yet run its course.

Solving equations

From a mathematician’s perspective, the real numbers represent a huge step forward. A whole spectrum of equations that were previously insoluble suddenly have solutions. The number [image: Images] solves the equation x2 = 2. Similarly we can now solve the equations x2 = 3, x2 = 5, x2 = 6, as well as more complicated equations such as x3 + x = 11, and far beyond.

However, not every equation has a solution, even in the real numbers. When you multiply a positive number by itself, you get a positive answer. Similarly, when you multiply a negative number by itself, you also get a positive answer. That means there is no real number that, when multiplied by itself, gives a negative answer. In other words, the equation x × x = −1 (or x2 = −1) has no solutions in the real numbers. There is no [image: Images] in this system.

Imaginary numbers

Both negative numbers and irrational numbers were highly controversial when first introduced. But these steps were nothing compared with the next dramatic expansion of the concept of number, to that of imaginary numbers.

Among the first people to contemplate imaginary numbers were Italian scholars of the 16th century. In this period, solving ever more complicated equations assumed a role of intellectual gladiatorial combat. The greatest mathematicians of the age would meet for public bouts of equation-solving. These warriors did not embrace imaginary numbers as some sort of philosophical ideal. Rather, they came to recognize the computational power they brought. Often, objects such as [image: Images] would appear in their working. Most would abandon the calculation at this stage, believing that it had degenerated into nonsense. But some decided to push on, not worrying too much about what [image: Images] meant. Then, whenever they found [image: Images] in their work, they could replace it with −1 and continue. Those who took this bold step were well rewarded. At the end of their working they would often find the ‘imaginary’ terms had cancelled each other out, leaving them with a good, honest, real solution to their equation.

Numbers become 2-dimensional

Once the utility of imaginary numbers had been established, it was only a matter of time before the ultimate step was taken, of formally expanding the number system again to include them. To achieve this, the quantity [image: Images] was given the name of i.

The system of complex numbers is built from the real numbers together with the imaginary numbers. More precisely, a complex number is the result of adding a real number (such as 4) to an imaginary number such as 3 × i (or 3i), in this case giving 4 + 3i. This was done with total mathematical rigour, so at this stage imaginary numbers stopped being imaginary and could be added and multiplied in the same way as any other numbers: (4 + 3i) + (2 - i) = 6 + 2i.


There is a nice pictorial representation of the complex numbers, called the Argand diagram. In this, the real numbers form a horizontal axis, and the imaginary numbers a vertical axis. Every point on the plane can now be represented by giving its real coordinate and its imaginary coordinate. Just as adding or subtracting 1 corresponds to moving right or left along the number line, now adding or subtracting i corresponds to moving up or down. Multiplying by i corresponds to rotating by 90° anticlockwise.

[image: Images]

Mathematics at the end of history

The complex numbers allow many more equations to be solved than were possible in the real numbers. In fact, the very definition of the new system is that the equation x2 = −1 has a solution. An unwelcome thought occurs at this stage: are we going to have to expand the system yet again to incorporate solutions to the next level of equations, such as x2 = i?

At the start of the 19th century, Jean Robert Argand produced the first proof of a momentous fact: the complex numbers are now enough to solve every possible equation. More formally, any polynomial you can write down using complex numbers has a solution in the complex numbers. Shortly afterwards, Carl Friedrich Gauss produced another proof of the same result, which came to be known as the fundamental theorem of algebra. After thousands of years, the painful process of extending number systems to solve new equations was finally at an end.
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